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Abstract. We prove the global existence and uniqueness of classical solutions around an 
equilibrium to the Boltzmann equation without angular cutoff in some Sobolev spaces. In 
addition, the solutions thus obtained are shown to be non-negative and C°° in all variables 
for any positive time. In this paper, we study the Maxwellian molecule type collision 
operator with mild singularity. One of the key observations is the introduction of a new 
important norm related to the singular behavior of the cross section in the collision opera- 
tor. This norm captures the essential properties of the singularity and yields precisely the 
dissipation of the linearized collision operator through the celebrated H-theorem. 
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1. Introduction 

We consider the Cauchy problem for the inhomogeneous Boltzmann equation 
(l.D ft + v-VJ = Q(f,f), /Uo = /o, 

where / = f(t, x, v) is the density distribution function of particles, having position x e R 3 
and velocity v e R 3 at time t. Here, the right hand side of ( II. U is given by the Boltzmann 
bilinear collision operator, which is given in the classical cr-representation by 



f f 



G(S./)= B(v-v„a-)fe^- g ./}d(r£fv. 



where /» = /(f, x, v*),/' = /(f, x, v'),/* = f(t,x, v»),/ = /(f, x, v), and for cr e 



V + V, V — V» , V + v» 

+ 



2 2*2 2 

which gives the relation between the post and pre collisional velocities. Recall that we have 
conservation of momentum and kinetic energy, that is, v + v* = v' + v' t and |v| 2 + |v*| 2 = 
\ v '\ 2 + Kl 2 - The kernel B is the cross-section which can be computed in different physical 
settings. 

In particular, the non-negative cross section B(z, cr) depends only on \z\ and the scalar 
product (A, cr). In most cases, the kernel B cannot be expressed explicitly, but to capture 
its main properties, one may assume that it takes the form 

B(|v-v.|,cos0) = O(|v-v»|)fo(cos0), cos (9 = ( V ~ V * , cr), O<0<-. 

x |v-v«| ' 2 

An important example is the inverse power law potential p~ r with r > 1, p being the 
distance between two particles, in which the cross section has a kinetic factor given by 

0»Gv-v«D*|v-v.| y , y=l--, 

r 

and a factor related to the collision angle containing a singularity, 

b(cosO) * X"6T 2-2 * when 6 -> 0+, 
for some constants /if > and < s — - < 1 . 

r 

The cases with 1 < r < 4, r — 4 and r > 4 correspond to so-called soft, Maxwellian 
molecule and hard potentials respectively. In the following discussion, this type of cross 
sections, with the parameters y and s given above, will be kept in mind. 

As a fundamental equation in kinetic theory and a key stone in statistical physics, the 
Boltzmann equation has attracted, and is still attracting, a lot of research investigations 
since its derivation in 1872. 

A large number of mathematical works have been performed under the Grad's cutoff 
assumption, avoiding the non-integrable angular singularity of the cross-sections, see for 
example E2 [23l [Ml Ell |40l |4g |48l |49l [70l to cite only a few, further references being 
given in the review l73ll . 

However, except for the hard sphere model, for most of the other molecule interaction 
potentials such as the inverse power laws recalled above, the cross section B(v - v», cr) is 
a non-integral function in angular variable and the collision operator Q(f, f) is a nonlinear 
singular integral operator in velocity variable. 

By no means to be complete, let us now review some previous works related to the 
Boltzmann equation in the context of such singular (or non-cutoff) cross-sections. For 
other references and comments, readers are referred to 1511731. 
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The mathematical study for the Boltzmann equation, without assuming Grad's cutoff 
assumption, can be traced back at least to the work by Pao in 1970s (64 1 which is about 
the spectrum of the linearized operator. In 1980s, the existence of weak solutions to the 
spatially homogeneous case was proved by Arkeryd in [ 17] for the mild singular case, that 
is, when < s < I, and by using an abstract Cauchy-Kovalevskaya theorem, Ukai in 
ll69l proved the local existence of solutions to the inhomogeneous equation, in the space of 
functions which are analytic in x and Gevrey in v. 

For a long time, the mathematical study of singular cross-sections was limited to these 
results and a few others, most of them related to the spatially homogeneous case concerning 
only the existence. An important step was initiated by the works of Desvillettes and his 
collaborators in 1990s, showing partial regularization results for some simplified kinetic 
models, cf. ||26l |27l |28l |29l |33] I3U l72l . 

After the well known result of DiPerna and Lions |[34l for the cutoff case, Lions was able 
to show the gain of regularity of solutions in the Landau case l50l . which is a model arising 
as a grazing limit of the Boltzmann equation. It was then expected that this kind of singular 
cross sections should lead to smoothing effect on solutions, that is, the solutions have 
higher regularity than the initial data. For example, it should be similar to the case when 
one replaces the collision operator in the Boltzmann equation by a fractional Laplacian in 
velocity variable, that is, a fractional Kolmogorov-type equation fl6"Tl . 

Certainly, the results of Lions BP and Desvillettes have influenced the research in 
this direction. It is therefore not surprising that a systematic approach, using the entropy 
dissipation and/or the smoothing property of the gain part of the collision operator, was 
initiated and has been developed to an almost optimal stage through the efforts of many 
researchers, such as Alexandre, Bouchut, Desvillettes, Golse, Lions, Villani and Wennberg. 
The underlying tools have proven to be very useful for the study on the mathematical 
theory regarding the regularizing effect for the spatially homogeneous problems for which 
the theory can now be considered as quite satisfactory, cf. l6l 171 [TBI l24l l29l l30l l32l l47l l59l 
|6Q]|7T], and the references therein, see also for a much more detailed discussion (0. 

Compared to the spatially homogeneous problems, the original spatially inhomoge- 
neous Boltzmann equation is of course physically more interesting and mathematically 
more challenging. For existence of weak solutions, we mention two results regarding 
the Cauchy problem. One is about the local existence between two moving Maxwellians 
proved in (3) by constructing the upper and lower solutions, another is the global existence 
of renormalized solutions with defect measures shown in lfl6l where the solutions become 
weak solutions if the defect measures vanish. On the other hand, the local existence of 
classical solutions was proved in (12J in some weighted Sobolev spaces. 

However, in view of the above available results, the mathematical theory for non-cutoff 
cross-sections is so far not satisfactory. This is in sharp contrast to the cutoff case, for which 
the theories have been well developed, see |fl9l |20l IITI [34l l36l |46l l52l |53l l67l l68l 1701 and 
the references therein. 

For the study of the regularizing effect, one of the main difficulties comes from the 
coupling of the transport operator with the collision operator, which is similar to the Landau 
equation studied in ll25l . To overcome this difficulty, a generalized uncertainty principle a 
la Fefferman ll38l (see also Il56ll57ll58l ) was introduced in flUE) for the study of smoothing 
effects of the linearized and spatially inhomogeneous Boltzmann equation with non-cutoff 
cross sections. 

In order to complete the full regularization process, recently, in |[T2l . by using suitable 
pseudo-differential operators and harmonic analysis, we have developed sharp coercivity 
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and upper bounds of the collision operators in Sobolev space, together with the estimation 
on the commutators with these pseudo-differential operators. More precisely, in iflOlfTTl 
[T2l . for classical solutions, we established the hypo-ellipticity of the Boltzmann operator, 
using the generalized version of the uncertainty principle. 

The present work is a continuation of our collaborative program since 2006 J5] [TO] [TT] 
fT2l . Comparing to the cutoff case, we aim to settle a mathematical framework similar to 
the studies first proved by Ukai, see 116711681 . and fitted into an energy method by Liu and 
collaborators |52 , 53 1 and Guo [46| which has led to a clean theory for the Cauchy problem 
in the cutoff case, for solutions close to a global equilibrium. 

In this paper, we will establish the global existence of non-negative solutions in some 
Sobolev space for the Boltzmann equation near a global equilibrium and prove the full 
regularity in all variables for any positive time. 

As mentioned in the abstract, one of the main ingredients in the proof is the introduction 
of a new non-isotropic norm which captures the main feature of the singularity in the 
cross-section. This new norm is in fact the counterpart of the coercive norm which was 
introduced by Guo BBI as an essential step for Landau equation. 

It is not known if there is any equivalence of this norm to some Sobolev norm, in contrast 
to the case of the Landau equation. However, since it is designed to be equivalent to, and to 
have much simpler expression than, the Dirichlet form of the linearized collision operator, 
this norm not only works extremely well for the description of the dissipative effect of the 
linearized collision operator through the H-theorem, but also well fits for the upper bound 
estimation on the nonlinear collision operator. Here, we would like to mention the work 
by Mouhot and Strain 116211631 about the gain of moment in a linearized context due to the 
singularity in the cross-section. Such a gain of moment which is well described by the new 
non-isotropic norm is in fact crucial for the proof of global existence. 

We now come back to the problem considered in this paper. To make the presentation 
as simple as possible, and to concentrate on the singularity of the grazing effect, we shall 
study the Maxwellian molecule type cross-sections with mild singularity, that is, the case 
when 

5(|v-v„|,cos0) = Z>(cos0), cos0 = ( V ~ V * , a), O<0<-, 

N |v — v*| ' 2 

and 

(1.2) b(cosff) * K6~ 2 ~ 2s , 6 -> + , 

with < s < \ , The general case will be left to our future work. 

In order to prove the global existence, we need to use the complete dissipative effect 
of the collision operator. Similar to angular cutoff case, such dissipative effect can be 
fully represented by the dissipation of the linearized collision operator on the microscopic 
component of the solution through the H-theorem. 

Thus, as usual, we consider the Boltzmann equation around a normalized Maxwellian 
distribution 

ju(v) = (2tt) ^ e 2 . 

Since /i is the global equilibrium state satisfying Q(/j, /i) = 0, by setting / = fi + yfjig, we 
have 

Q(M + yfcg, h + yfcg) = Q(M> yfig) + Q( y/i*g, aO + Q( yfcg> V£g)- 

Denote 

T{g,h)=fi- 1 ' 2 Q(^g, yfjlh). 
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Then the linearized Boltzmann operator takes the form 

Lg = £1 g + -Cig = -r( Vj" . g) - r(g, \ifc)- 
And the original problem (II . lb is now reduced to the Cauchy problem for the perturbation 

g 

(1 3) f gi + v ■ V. r g + £g = r(g, g), r > ; 

This problem will be considered in the following weighted Sobolev spaces. For k, I e 

R, set 

H k ( (R%) = [fe <S'(R 6 f , v ) ; W c f e ff*(R* v ) } , 

where R* v = R 3 X x Rj and W f (v) = <v) f = (1 + \v\ 2 ) t/2 is the weight with respect to the 
velocity variable v e Rj. 

The main theorem can be stated as follows. 

Theorem 1.1. Assume that the cross-section satisfies ( 17.21 ) with < s < 1/2. Lef go G 
H k (R 6 )for some k>3J>3 and 

fo(x, v) = yU + ^go(x, v) > 0. 

77zen f/zere ew'sfs eo > 0, such that if \\go\\H k Qg. 6 ) — £ o> Cauchy problem ( I7.3D admits a 
unique global solution 

gei-([0,+oo[; //*(R 6 )). 
Moreover, f(t, x, v) = yu + -y^I g(f, x, v) > anaf 

g e C°°(]0, +oo[ xR 6 ). 

Actually, for the uniqueness, we can prove the following stronger result, which might 
be of independent interest. Note that here we do not need to assume that / is a small 
perturbation of ji. 

Theorem 1.2. Under the same condition on the cross-section, for < T < +coandl > 2s+ 
1)2, letf >0,f e L°°(R3; Hf° 2 (R 3 v )). Suppose that f, f 2 e L°°Q0, T[xR 3 x ; //^(R?)) are 
two solutions to the Cauchy problem ( I7.il ). If one solution is non-negative, then f\ = f 2 . 

Throughout this paper, we assume that the cross-section satisfies the condition (1.6) 
with < s < 1/2 except otherwise stated. 

The rest of the paper will be organized as follows. In the next section, we will in- 
troduce a new non-isotropic norm and prove some essential coercivity and upper bound 
estimates on the collision operators with respect to this new norm. In order to study the 
gain of regularity of the solution, we need to apply some pseudo-differential operators on 
the Boltzmann equation. For this purpose, in Section 3, we study the commutators of the 
collision operators with the pseudo-differential operators. In Section 4, we will apply the 
energy method for the Boltzmann equation and obtain the local existence theorem. In Sec- 
tion 5, we will study the uniqueness and the non-negativity of the solutions. This new 
method for proving non-negativity can be applied to the case with angular cutoff. For more 
detail discussion on the non-negativity problem, refer to 03]. In Section 6, the full reg- 
ularity is proved along the approach of |12|. Finally, the global existence of the solution 
will be given in the last section. For this, the macro-micro decomposition introduced by 
Guo B31 will be used for the estimation on the macroscopic component. 
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Note: After finishing this paper, we were informed by R. Strain of his recent paper in 
collaboration with P. Gressmann HP . showing also the existence of global solutions to 
the Cauchy problem by using different approach. Notice that their solution is in different 
function space which does not lead to full regularity because of the weak regularity in the 
velocity variable. 

Note added in September, 2010: Several new results have been announced along the 
same line of development since the submission of the current paper. For the reader's refer- 
ences we mention Il42l |43l l44l fT3l fT4l IT31 . The main difference of the results is the range 
of admissible values of y: y > -1 - 2s in the first 3 papers and y > max(-3, -3/2 - 2s) in 
the latter 4 paper. 



2. NON-ISOTROPIC NORMS 

In this section, we study the bilinear collision operator given by 

Q(g,f)= f f b(cos8){g'J' -g t f}d(Tdv t , 

JjR 3 JS 1 

through harmonic analysis. Since the collision operator acts only with respect to the ve- 
locity variable v 6 R 3 , (t, x) is regarded as a parameter in this section. 

2.1. Coercivity and upper bound estimates. Let g > 0, g ^ 0, g e h\ f| L log L(R 3 ). It 
was shown in |6l that there exists a constant c g > depending only on the values of ||g|| L i 
and H^llnogz, such that for any smooth function / 6 H S (R 3 V ), we have 

(2.1.1) c g \\ff H , m) < (-Q(g,f)J) L 2 (M) + Cllslli^ll/ll^. 

Besides this, we still need some functional estimates on the Boltzmann collision op- 
erators. The first one, given below, is about the boundedness of the collision operator in 
weighted Sobolev spaces, see lfl1l2ll4ll5l[T2ll47l . 

Theorem 2.1. Assume that the cross-section satisfies ( 17.21 ) with < s < 1 . Then for any 
meR and any a e R, there exists C > such that 

(2.1.2) ne(/, g)iiH».( R ?) < cmk^&)M\H£fr<& 

for all f 6 L' ++2j (Rj) and g € H™% + (Rl) ■ 

We now turn to the linearized operator. First of all, by using the conservation of energy 

Kl 2 + |vf = k| 2 + |v| 2 , 
we have /i(v„) = fi~ l (v) n(v' t ) /v(v'). Thus, 

F(/, g)(v) = fi~ 1/2 ff Mcos &)( yfJZfl yfJFg' - V^/» V£ 8 )dv*do- 

(2.1.3) = ff Mcos 0)^(f; g ' - f*g)dv t do-. 
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It is well-known that £, (acting with respect to the velocity variable) is an unbounded 
symmetric operator on L 2 (R 3 ,). Moreover, its Dirichlet form satisfies 

= -( r( + r( ^ ^ 4 W) 

(2.1.4) = Mcos0)(^) 1/2 ^-^O 1/2 ^+^) 1/2 -^(^) 1/2 )(^) 1/2 ^^^y 

= JJJ Hcos 6)((M') U2 g: ~ (») lll g* + S'(K)' /2 - ^G"*) 1/2 )0"') 1/2 g' t dv t dcrdv 

= \ JJJ Hcos 6) (((^) 1/2 g ~ OO^Y) + (te m g. ~ (f*') i/2 g:)f dvjadv 
> 0. 

The third line in the above equation is obtained by using the change of variables (v, v«) — > 
(v', vQ. The fourth line follows from the change of variables (v, v») — > (v», v) and then the 
fifth line follows from the fourth one by using the change of variables (v, v„) — > (v', v' t ). 
And the second last line is just the summation of the previous four lines. Note that the 
Jacobians of the above coordinate transformations are equal to 1 . 

Moreover, it follows from the above formula that (X.g, g) L2 ^ - if and only if Pg = g 
where 

Pg = (a + b ■ v + c|v| 2 ) yfjl, 

with a, c € R, b e R 3 . Here, P is the L 2 -orthogonal projection onto the null space 

N = Span { y/Jl , V] y/Jl , v 2 yfjl , v 3 y/Jl , \v\ 2 y/Ji } . 

The following result on the gain of moment of order s in the linearized framework is 
essential in the sequent analysis. 

Theorem 2.2. (Theorem 1.1 of ll63l) 

Assume that the cross-section satisfies ( I7.2D with < s < 1. Then there exists a constant 
C > such that 

(^4 (R ^ c n (I - p ^i^)- 

For the bilinear operator T(-, ■), we need the following two formulas. For suitable 
functions /, g, the first formula coming from ( 12.1.3b is 

(2.1.5) T(f, g)(v) = Q( y/Jlf, g) + JJ b(cosd)( ^l-JZ )f: g 'dv*dcr. 

On the other hand, applying the change of variables (v, v») — > (v', v^) in ( 12.1.31 ) gives 

(n/, g ), h) L2 ^ = JJJ b(co S e)^(f; g '-f t g)h 

= Jjf b(cos6)^(fig-f;g')h'. 
By adding these two lines, the second formula is 

(2.1.6) (r(/, g), h) L2(r4) = \JJj b(cos e)(f; g ' - f tg )( ^rji - V/4 fc') . 
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The following lemma shows that Xi controls £. 
Lemma 2.3. Under the condition (1.2) on the cross-section with < s < 1, we have 

(2 - L7) t^ 1 *- 4^)* 2^' *Wy 

Proof. From ( 12.1.3b and similar changes of variables, we have 

= \ JJJ b(cos0)(( M :) l/2 g' -(fi t ) 1/2 gfdv t do-dv 
= \ JJJ b(co S e)((M') l,2 gi-(M) y2 g*fdv t dadv 

= \ JJJ Hcos 8) {((//J 1 ^' - {^) XI2 gf + ((M) 1/2 g: - (M) i/2 g*f} dv t do-dv . 

Therefore, (12X71 ) follows from (A + B) 2 < 2{A 2 + B 2 ) and dTTH i. □ 

2.2. Definition and properties of the non-isotropic norm. The non-isotropic norm as- 
sociated with the cross-section /?(cos 8) is defined by 

(2.2.1) ||rf = JJJ b(cosd)n,(g' -gf + JJJ b(cos8)g 2 t (J? - ^7 f , 

where the integration is over M? Y x x S S 2 r . Thus, it is a norm with respect to the velocity 
variable v e R 3 only. As we will see later, the reason that this norm is called non-isotropic 
is because it combines both derivative and weight of order s due to the singularity of cross- 
section b(cos8). 

The following lemma gives an upper bound of this non-isotropic norm by some weighted 
Sobolev norm. 



Lemma 2.4. Assume that the cross-section satisfies ( 17.21 ) with < s < 1. Then there exists 
C > such that 

(2.2.2) HlglH 2 < C\\gf H . 

for any g e H s ,(Rl). 

Proof. Applying (12. 1 ,2b with a = —s and m = -s gives 



(2.2.3) 



(<2(/ 2 , g), g) Ll(R3 < Q\f 2 \\ Ll \\g\\ m \\g\\m z C\\f\\ 2 Ll \\g\\ 2 m - 



On the other hand, 



(G(/ 2 , g), g) L2 ^ = JJJ b(cos8){f 2 'g' - f 2 g)g 
= JJJ b(cos8)f 2 '(g'-g)g + J g 2 JJ b(cos8)(f 2 ' -f 2 ). 
For the first term in the last equation, using b(a - b) — i(a 2 - b 2 ) - j(a - b) 2 yields 
(G(/ 2 , g), g)^ = \ JJJ bicos 8)f 2 '{g 2 ' - g 2 ) 
- \ JJJ Kcos 8)f 2 '(g' -gf + Jg 2 JJ b(cos 8)(f 2 ' - f 2 ). 
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By the change of variables (v' t , v') — > (v„, v), the first term above is also I fjfjf bg 2 (f 2 - f 2 '). 
Thus, it follows that 

(2(/ 2 , g), g) L2(M) = ~\ fff bf;(g' -gf + ^fgzff b(f? - fl), 

and then 

jff b/Hg' - gf < 2\{Q(f, g), g)\ + \fff bg\f: - 

By using (12.2.3b and the cancellation lemma from |6||, we get 

(2.2.4) JJJ bfXg'-gf < C\\f\\ 2 L >\\g\\ 2 H , + C\\g\\l 2 \\f\\ 2 L 2 < CMlMll,. 
Thus, choosing / = -07 gives 

lll^lll 2 < C(||A^|^||g|||j + llgll^ll^H^) < Q\gf H s. 
This completes the proof of the lemma. □ 

In the context of usual weighted Sobolev spaces, this last result is likely to be optimal. 
Next we will show that this non-isotropic norm is controlled by the linearized operator. 
First of all, we shall need the following preliminary computation. 

Lemma 2.5. For any <p 6 C l b , we have 

f b(cos9)\cf>(v») - 4>{v' t )\do- < C,|v - v t \ 2s < C{v) 2s {v t ) 2s , 

where C,p depends on \\<p\\ C i — ||0||l" + II v 0IIl~- 
Proof. It follows from Taylor's formula that 

I0(v,) - <p(v' t )\ < C,|v. - vil < C sin (-) |v - v,|, 
and |0(v,) - <p(v'J\ < Then for any 6 e (0,tt/2), 

X( C 5 sin(0/2) r" /2 1 1 

&(ros0|0(v.)-#OI<to-*cJ|v-v,| — i-LJ.de + J -^2s de \ 

<C $ {\v-vA5- 2s+l +6- ls ). 
If |v - v»| _1 < |, by choosing 6 = |v - v*| , we get 

f fo(cos 0)|#v.) - 4>{\0\do- < C $ \v - v,| 2 ' 5 < C{v) 2s {v t ) 2s . 

Jcr 

If |v - vJ < -, we have 

f &(cosfl|#v.) - 4>«)\do- < C,|v - v.| < C+- < C(v) 2s (v t ) 2s . 
And this completes the proof of the lemma. □ 

Up to the kernel of the following lemma gives the equivalence between the non- 
isotropic norm and the Dirichlet form of 

Lemma 2.6. For g e N ± , we have 

(2.2.5) (£g, g)^ ~ lll^lll 2 . 

Here A ~ B means that there exists two generic constants C\,C*i > such that C\A < B < 
C 2 A. 
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Proof. We first deal with the lower bound estimate starting with the terms linked to 
Since 

we get from ( |2.1.5t that 

(2.2.6) -(z 2g ,g) L ^=(Q(^g, \®,4 2( r3) + JIT b ^° s6 i^- yfiZy.jSg- 



Using ( I2.1.21 i with a = 0, m = 0, the first term on the right hand side of ( 12.2.61 l can be 
estimated by 



L 2 (t,:) 



<\\Q(^g, ^M\g\y 

<cii^n L , ji^ii^ii^ib <cyi 2 2 . 

For the second term on the right hand side of ( 12.2.6b . we have 
JJJ fr(cos #)( -077 - ) g* ^ g dvdv t dcr 

+ Jff b{c s8){^ - ^)g'^'f A (v) m g. 



Thus, 



x (J3J ^ cos0 )(^') i/4 -^) i/4 ) 2 i«iiv) iy 

JJJ^ fo(cos0)|vii:- Va4 |isiV) 1/4 0") 1/4 ) 7 

Mcos0)|^:- Va4 I is:iV) 1/4 (^) 



1/2 



1/2 



Using Lemma [2~5l with <p = fi 1 ^ 4 gives 

f Mcos <9)|Cu:) 1/4 - (/O i/4 Uct < C|v - v,| 2j < C < v > 2s < v, > 2 
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Since 0u;) 1/4 (^') 1/2 = 0":) 1/4 0u') 1/4 0"') 1/4 = (//^V /4 (//) 1/4 , we get 

h+h < C JJJ b(cos6)\(^) ll2 -(^) l/2 \ \g\ 2 (p') l/2 dvdv*dcr 

<c ffj foCcose)!^) 1 / 4 -^) 1 / 4 !^) 1 / 4 -.^) 1 ' 4 )^') 172 



<cfff ftCcosfl)!^) 1 / 4 -^) 1 ' 4 !^) 174 ^ 2 

+ cfff foccos^lou,) 1 / 4 - G":) i/4 |ou:) l/4 ouo 1/2 i^i 2 

<cjj (<v.> & (M.) 1/4 <v> & | g | 2 + <v.> 2 'ai.) 1/4 <v> 2 '/i 1 / 4 | g | 2 )rf^ 



< ccilsll 2 ^ + llsll 2 2(R3) ). 



For /2, by using the change of variables (v, v*) — > (v», v) and then (v', v.) — > (v, v*), one has 

fff Mcos0)( (/U ') 1/4 -(^) I/4 ) 2 i^:iV) 1/4 

= Jffb(cos0)((^ -Qui^f |glV)' /4 

" c II (< v *> 2 ' 5 ^*) 1/4 < v > 2 ^i 2 ) flfv£/v - * c h^Hl?(r3)- 

For I4, using the change of variables (v, v.) — > (v', implies that 

Jjf fo(cos0)|v^- v£ I ig:i 2 0i') 1/4 ou) 1/4 

= JJf b(cos0)\y/jr t - I ig»iV) 1/4 (/;) 1/4 
" C H (< v > 2i ^) 1/4 < v *> 2s l^l 2 W v * * c ^\\h m - 

In summary, we obtain 

(2.2.7) U 2 g,g)\ < Q\g\\ 2 L2/ 

For the term involving £\, using ( 12.1.6b yields 

=^ij[r^ cos0 )(^) i/ v-o".) i/2 ^ 2 

= i JfJJ* Mcos0)(( A< :) i/ v-^)+^((/«:) 1/2 -(^) l/2 )) 2 

> J Jfjj* fc(cos0K(g' -g) 2 - i Jfjj fo(cos% 2 ((/4) 1/2 - 0u,) 1/2 ) 2 , 
where we used the inequality (a + b) 2 > ja 2 - b 2 . Then 

(£ lg , ^ J [fff b(co S 0K(g'-g) 2 + JJj b(co S e)g 2 (( M :) 1/2 -(M,) 1/2 f 

"iJlT Mcos%2 ^ :)1/2 ~ ( ^ )1/2 ) 2 - 
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We now apply (12.2.4b and the change of variables (v, v„) — > (v*, v) to get 

jjj fe(cos% 2 ((^) 1/2 - ( Mt ) 1/2 f < C%|| 2 ^ 1/2 \\ 2 m < C\\g\\ 2 L , . 

Therefore, 

(Cig, g) L2 > l -\\\ s t - c\\ g \? LV 

Thus, we have from ( 12.2.7| > 

(■Cg, g) L2 = {■£ig,g) L2 + {^2g,g) Ll 
1 



> ^\\\g\\\ 2 - Q\g\\ 2 L2s 



By Theorem l2.2l we have from the assumption g e N 1 - that 

I 2 < 4(£g, g) Li + CWgW 2 ^ < C(£g, g) Ll , 



which gives the lower bound estimation. 
For the upper bound estimate, we have 



te* *U) = \ Iff **»*>W»t - (M*? /2 gf 

= \ fff b{cose)({^) xl \g' -g)+g{{^) 112 -(M*) V2 )f 

< fff KcosO^ig' -gf + jjj %os% 2 (0u;) 1/2 -0u») 1/2 ) 2 



By ( 12.1.7b , we have 

(£g,g) L2m) <2\\\g\f. 

The proof of Lemma l2~6l is then completed. 



The next result shows that the non-isotropic norm controls the Sobolev norm of both 
derivative and weight of order s. 

Lemma 2.7. There exists C > such that 

(2.2.8) HlglH 2 > C(\\g\\ 2 HS - + \\g\\ 2 L2 ). 



Proof. Write 



= I I b(cos 0)fijg(v) - g(v')) dcrdv*dv 
Jr 6 Js 2 

+ |f Kcos% 2 (// 1/2 (v)-^ 1/2 (v')f^crrfv^vsA + B. 
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According to the calculation of Propositions 1 and 2 in (6), we have 



a = (2tt)- 3 J 3 J 2 b(L . a)[m\mf- +ww?)\ 



+m2 

2Rejj(ng(?)m)do-dZ 



2{2n) 3 



>c f ifi 2, iK^)i 2 d? > C12- 2 * f (i + \^r\m?-d^ 



lfl>l Jlfl>l 

2.!||„||2 ll„l|2 



where we have used Lemma 3 in (6J that 

(2.2.9) f ■ cr)oa(O) - IA(DI)^ > Cil^l 2 ' 5 , V|f| > 1. 

Similarly, 

B = (2n)~ 3 f f 2>(-| • cr){P(0)^©| 2 + P(0)^(ni 2 

Jr 3 Js 2 Isl 

- 2 J R e f2(r)/^ 2 (r)^ rr2 (^)}^ 

Jr 3 J; ' v Isl 7 



2(2tt) 3 

+ 



^3 f f Kil ■ ^)t 2 (o)-«^ 2 (r)y /2 (^j" 1/2 (r)^ 



(2: 
Bi+B 2 . 



For Bi, one has 



si =/ 3 / 2 K|| ■ ^ 2 (o)|M i/2 (r)-^ i/2 (^)| 2 ^ 



> dllsll 2 ^, 



where 



Jr| Js 2 y 

For the second term on the right hand side, by using 
for some positive constant C, we have 

f f Kil • ^(Pw-^Pcr))/? 72 ^^^)^ 

Jr 3 Js 2 l?l 

-C J J fc(|f ' Or) J 3 £ 2 (v)(l - COS(r ' V))dvjI(2$do-dZ. 
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We now use Bobylev's technique lfl8l to have 



so that 

B 2 > C jf g 2 (v) |jT £ ■ o)(l - cos(£ • v-))p(2^dcrd^dv 
>C f g\v)\v?°dv > C2- 2 '||g||2 - C\\g\\l 2(M 

J\v\>l 

where we have used (2.2.9) and the change of variables in crby exchanging £/|£| and v/|v|. 
Finally, by choosing a suitably small constant < A < 1, 

HlglH 2 = A + Bi + B 2 > AA + Bi + AB 2 
and this concludes the proof of the lemma. □ 



2.3. Upper bound estimates. To apply the energy method, we need some upper bound 
estimate on the collision operator in terms of the non-isotropic norm which will be given 
in the following proposition. For this, we first prove 

Lemma 2.8. There exists C > such that 

(2.3.1) JJJ b(cos9)fhg'-g) 2 <C\\f\\ 2 L , ||rf. 

Proof. Different from Lemma l2~4l we apply Bobylev formula Ifl8l to have 

JJJ b(cos 0)fi„(g' - g) 2 d\\dcrdv 

= ff b (if ' °) (^ (0)(| ^ )|2 + ^ +)|2) - 2Re Krmnmy^do- 
= (2^ Jl^if ' cr )( /i(0)ll( ^ _ ^ +)|2 + 2Re ( m ~ Kn)g(tm))d£do-, 

and 

JJJ b(cosff)f 2 {g' - g?dv t d(rdv 

= (2^ ff b W'°) (f 2{ ° m) ~ ^ +)|2 + 2Re (^ 2(0) ~ f 2 (n)g(tm))d^o- . 
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Since ft(0) = l,f~ 2 (0) = \\f\\ 2 L2 , we obtain 

jff b(cos 6) / 2 (g' - gfdxudo-dv 

= \\f\\ 2 L 2 ffj b(cose)fi*(g' ~ gfdv*do-dv 

- ^3 tiftil* ffb || ■ crj Re (fi(Q) - ju(n)g(tm))d^c 



2 

+ ~2 



For the last term, we note that 

S b Wi '^ 2(0) ~ f 2(nidcr - f b (jf ' °) [f/ 2 ^ 1 ~ e ~ ivr \ dv ) dcr - 

Now consider 

|l -e" iv ' r U(r. 



J SSi [ft 



If |v||£| > \, we choose 5 = < ;r/2 to have |1 - e _iv - r | < |v||f| sin0 for any < < 5. 
And if | > > 6, we have |1 - e" iv -^| < 2. Hence, 

f fc(-^--o-]|l-e"^ r |do-<C|v||f| P-rV sin + C f -r-^-cW 

J ss2 I Ifl /I I g Jo # 1+2s Js e 1+2s 

< C|v||£|(T 2 ' 5+1 + C'(T 21 < C|v| 2 ' 5 |£| 2j . 
On the other hand, if |v||£| < |, we have directly 

< CM® £ C|v| 2 '£P. 

Thus, we have 

Jj ft ||| -crj |/5(0) -?(n\\g\\mdo-<C\\f\\lM\% s . 

By using the regular change of variables £ — > £ + , and by noticing that 

r = 0(r , ^ = t - £U in = \r I tan f , cos I = £ ■ cr, 



|3(f")| _ 1 „„„2 



cos 2 0/2, 



we have 



ff b (|f • oj |/ 2 (0) - /2(D|l|| 2 (r)^ 

= jj c ^^^( 2( |^^ )2 - 1 )l/ 2(0) -/ 2( ^ + ^ )) l^ 2( ^ ) ^ Vcr 



<C||/|| 2 ; ||g||i, 

Hence, 



| Jj b^-cARe(f-(0)-f(n)g(e)g(mdcr\ < q|/||^IIg|||.. 
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Similarly, we have 

ffb^ ■ orj Re(m - fi(n)g(emz)dfd<T < c\\^\\ 2 l m\ 2 hs . 

Therefore, we have proved ( I2.3.U by using ( 12.2.81 ). □ 

In view of future application of the energy method, the scalar product of the collision 
operator with a test function is given by 

Proposition 2.9. There exists C > such that 

|(n/, g ), h) m3) \ < c(h/ii l? infill + \\ g \\ L 2 hi/hi) iii^iii . 

Proof. Note that 

(iv. g). h) LHm = (^W' 2 /, S /2 8), h) L2m 

= ffj b(cos6)vl /2 (f; g '-f t g)h 

= \ fff b(cose)(f: 8 '-f* 8 )(SJ 2 h-n l J 2 'h') 

■HUT b{c °* e i f * 8 ' - f * g ) 2 )' 

x [fff Mcos 9)((v*) l/2 h - 04) 1/2 /z') 



2\ 1/2 



< -A 112 x fi 1/2 . 
2 



For B, we have 

B<2 fff b(cos6)n t (h' -h) 2 + 2 fff £(cos6i)/i 2 ((//) 1/2 - n l/2 f = 2|||/j||| 2 , 

where we have used the change of variables (v, v„) — > (v', v^) for the first term and (v, v») — > 
(v«, v) for the second term. Similarly, 

A<2 fff b{cosO)f 2 {g' -g) 2 + 2 fff b(cos0)g 2 (f -f) 2 . 

Then ( 12.3. U implies that 

A < C (\\f\\ 2 L i \\\g\\\ 2 + llgll^ Ill/Ill 2 ) , 
which completes the proof of the proposition. □ 

3. Commutator estimates 

3.1. Non-isotropic norm in R^ v . We now define the norm associated with the collision 
operator on the space of (x, v). For meNJel, set 

S™(R 6 t>l ,) = jg e S'iRlj; \\\g\\\ 2 £7(m = J f \\\W e dl v g(x, ■ )\\\ 2 dx < +<x,J , 

where HI ■ III is the non-isotropic norm defined in ( 12.2. It . 
First of all, one has 
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Lemma 3.1. For any I > 0, y,/? e N 3 , 

(3.1.1) Wfttf p g \\y o m + W(w c d r x dP, g)\\\t%m < CtMsWh^y 

(3.1.2) Coiiidii^ " CMitw < {£g, g) L2(Kr) < Ci\\\g\\\ 2 m6y 

and 

(3.1.3) lldl^c*) + IWI^crj^crJ)) * CIIWH^j < CMli^H^y 
Proof. By definition of the projection operator P, we have 

3 

Pg = a g (f, x)fi 1/2 + J] £ ?J (r, x) v^ 1/2 + e,(t, x)|v|V /2 , 

with 



and 



.(/,*) = f g(r,x,v)Ai 1/2 (v)dv, c,(f,*) = fg(/,*,v)|v|y /2 (v>/v, 
JrJ Jv 

b gJ (t,x)= I g(f,i,v)vy /2 (v)dv, 



7 = 1,2,3. 



Thus ( 13.1. Il l can be obtained by integration by parts. To get (13. 1 ,2b . we use ( 12.2.2b and 
(12.2.5b to obtain 



2 „ (R6) >C(^, 4 2(RL) >Co|||(I-P)g||| 

> yllklll^-CollM^j 

C 2 n ||„|,2 



2 



Finally, (I3T31 follows directly from d232l and ( ETHl □ 

3.2. Weighted estimates on commutators. We will use the following notation, for y e 

N 3 , 

(3.2.1) T(F, G, n 7 ) = Q(jiy F, G) + jj b(cos 0)((// r ), - (/i r X )F'fi' dv,do- , 

where /i y = /? y (v) ~Jn(v) = d y ( -^jl) is a Maxwellian type function of variable v. 
In this notation, (12.1.5b is equivalent to 

T{f,g) = T(f,g,^[ji). 

And the Leibniz formula gives 

(3.2.2) ar x cfaxf,g)= 2 c;i^T(^f,df^g >f x fi3 ). 

First of all, let us recall the following lemma from lfT2l . 
Lemma 3.2. Let £ > 0, < s < 1 /2. There exists C > such that 

\{(w c Q{f, g) - Q(f, w e g)), h) L2m \ < C|L/IL. (R 3 )) |^||^ (R 3 ) ||/z|| L2(R ., ) . 

Using this result, we shall show that 
Proposition 3.3. For any £>0, 

(3.2.3) (W C T(F, G, iiy) -T(F, W c G, My ), h)^ < C||F|| L? ||G|| L? ||/z|| L? . 



18 



R. ALEXANDRE, Y. MORIMOTO, S. UKAI, C.-J. XU, AND T. YANG 



/l 2 (R;) 
I) 



Proof. From ( 13.2. Il l, it follows that 

(w ( T(F, G, Hy) -T(F, W e G, fi y ), h) m 

= (W ( Q(fi y F, G) - Q(vyF W C G), h)^ 

+ jjj b(cos6)( Myt - fi' yt )F:G'(W e - W' e )h 

= B x + B 2 . 
Lemma [3T2l implies that 

B x < C\\^F\\ 0[ \\G\\^\h\\ L 2 < C||F|b||G|| i? Plb. 
For Bo, since we have assumed that < s < 1 /2, we get 



Bo < 



[Iff 



b(cos0)\F'f\G' 12 



sin f 



jjj b(cos6)sm6^ ylt -fi' yl ) 2 \h[ 



1 1/2 



(12.2.4b implies that 



JJJ b(cosd)(^ -fi' yt f\h\ 2 < C|KH^||/ 2 " 2 



while, using 



\ W t _ W 't\2 < sin 2 g^ W f)2 + {W 'Cf^ < sin 2 q ^2^)2 



we get 



Iff 



b(cos0)\F'/\G' 12 



\W e - W' r \ 2 
sin 9 



Iff 



b(cos 6) sin 6 (W e F)' 2 (W e G)' 2 



< C||F|£ ? ||G|£ ? , 
which leads to completion of the proof of the proposition. 

Similarly, we have also 
Proposition 3.4. There exists a constant C > such that 

(3.2.4) 



(T(F, G, fly), h) L2(Rl) < C(\\F\\ L 2 \\\G\\\ + \\G\\ L 2 |||F|||)p|||. 
Proof. By the Cauchy-Schwarz inequality, we have 

(T(F,G,fi y ), h) L ^ = Jjj b(co S e)Uiy^ 2 (F:G'-F,G)h 

= \ Jff b(cos6)(F' t G' - F t G)((fi yt ) l/2 h - (fx' y J 1/2 h') 

"HUT (cos0 i F '* G ' ~ F * G f) 1 

JJJ fe(cos0)((^) 1/2 / ! - (M' 7 J V2 h'f\ 



1^1/2 Xj gl/2_ 

2 



By using the estimation of the term A in the proof of Proposition ^. 91 it follows that 

i<c(||F|| 2 J|G||| 2 + ||G||||F||| 2 ) 
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and 



B < c(\\ny\\ 2 L 2 



i\W 2 + \\h\\l 



? |IKIH 2 )<C|||/2||| 2 . 



We are now ready to prove the following estimate with differentiation and weight. 
Proposition 3.5. For any £>3, and N > 3, we have, for all B e N 6 , \B\ < N, 

(W { dP^X{f, g), ^) L2(R 6 i} ^ C IL/lltf f "(RO) Hl^llls^) IPIIIs^). 

Remark 3.6. In fact, this proposition holds even when I > | + 2s, and N > | + 2s. 
Here, we consider the case when i > 3,N > 3 with < s < 1/2 for the simplicity of the 
notations. 

Proof. Using the Leibniz formula d3.2.2| i gives 

(w^, v r(/, ,), h)^ = Z^A T ^f' ***** )• h h (K , 

+ Z c %A wtT ^^ ^ > - T{dPx f> *^* ). h ) LHB ,_ ■ 

Then from ( 13.2.31 1. we get 

(w'Ticf'f, ^g, m ) - T(cf'f, W ( ^-g, m ), h) L2{RU) 



;,») 



< C 



II^'/H^crdII^^II^ori^orb)) \\h\y Mv) , if > 2. 



Since < 1 implies l/Sfj | + 3/2 < 3 < N and \B X \ > 2 implies \B 2 \ + 3/2 < |/?|, it follows 
that 

(3.2.5) ^W'Ticf'f, d^g, fip, ) - T(cf'f, W c ^-g, m ), h) Lm) 

^ Cll/llnf (jR 6 )ll^llHf l (R6)IH' I lllsg(RS,v) • 
On the other hand, if | < 1 so that \/3i | + § + 5 < 3 < N, we get from (13.2.41 

(7-0*/. W^ft ). *),.,.., 

<clf ll^/lll^tlllW^HI 2 + \\WWg\\ 2 H!(m) )dx 

\l/2 

\\\ 2 + \\^f\\l iR M 



Hence, for < 1, we have 

(T(^f, W e d^g, tip, ), A^J < CII/llflj^lllglll^i^lllAIHsj.^ . 
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We now consider the case when > 2. First of all, assume 2 < \f5\\ < |/?| - 1 so that 
= W — 1/5 1 1 — < |0| - 2. Then, we get 



(r(a*/, m ), h) L2 

<C(||/|| flfll(R6) ||W^g|| L » (R 3. HJ(R 3 )) 

; iff OR?)) 

< C||/|| Hfll « (R6) H^A^^gll^lPIH^ 

^ C||/|| H P|-l +I(R6) |||g||| s ^|-2 + 3/2 +I+f(R6) |||/l||| s (R 6 ) 

^ Q |/| I ^ (R6) 1 1 |g| I l s ^l (R6) 1 1 W lls°(R 6 ) • 

We turn next to the case when fi\ - /3, for which we have 

(naPf, rfg, ^i), h) = (r ( ^/, h) Ll 



Since we want to avoid using the non-isotropic norm of / on the right hand side, we can 
not use the estimate ( 12. 2. 3b to complete the proof. So we proceed in a different way, use 
firstly ( 12.1.51 1 to get 

+ j JJJ b(cos6)[yfJF t - ^y^fYjW 1 g)'hdv t do-dvdx. 

On one hand, d2.1.2| i with m = 0, a = —s, implies that 

{Qi^dPf, W ( g), h) L2(m j < C|Wl4 (R 6 ) || A ^«9 /|| i2 ^3. 4 ^ )) ||W^|| L » (R 3. H?(R 3 )) 

< C||/|| W) ||W^||| fl 

On the other hand, we can write 

I Iff fe(cos0) (^* ~ yff7,)(dPf)' t (W e g)'hdv*do-dvdx 

tdcrdvdx 

+ j JJJ fo(cos0)(V/ir - Vjt4 Y^f)'^ g)'h'dv»dcrdvdx 
= Di + D 2 . 

By the Cauchy-Schwarz inequality, one has 



m ~[I Iff b{cosd ^fy^ wt 8y\ 2 {(M*) i/4 -(^ 

x (J jjj b(cos 6)(ii l J A + (M'y /4 f(h - h') 2 dv,da-dvd 



\l/2 

■ 



1/2 
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Lemma 12.51 yields 

j jjj b(cos0)\(dPfi:\\W* g y\ 2 ((M*) U4 -(MO m fdv t dcrdvdx 



< C 



\{dPf)A 2 \{W e g)\ 2 {v) 2s {v*) 2s dv t ddvdx 



< Q\f\\l fm w e K l2+£ g\\% m i cii/ii^iiigiii^, 

while from Lemma l2~8l we get 

I Iff ^ (C ° S 6) ^* 4 + (y "* )l/4 ) 2(/1 ~ h ') 2dv * dcrdvdx 
<4-j JJJ b(cos0)fit n (h-h'fdv*dadvdx<C\\\h\\\ 2 ^ 6y 
Therefore, we obtain 

|£>i| < Cll/ll^i^jlll^llls^lll/jlllsj.^). 

For the term £>2, we have 

I Iff ^ cos6,) (^* ~ yf/4.)(d^f)UW { g)'h'dv»d(rdvdx 
= j ^b{cosff)(^ - ^){dPf)*{W e g)hdv*dadvdx 
<C f f |(^/)J \w e g\ \h\{v) 2s {\\) 2s dv t ddvdx 

<C f \\?f\\q& ) )\W e 8\\Q# ) \\h\\$ 9 * ) dx 

^ Q\(P f\\LHRl;Ll /2+2s+e (®.!))\\ We ^Hl,»(Rj;L?(E3))Plk(R 6 )' 



so that 



\Dl\ < C||/|| Hi H ^^^111^11122^6)111/1111^6). 



Therefore, it follows that 



(3.2.6) 



(naPf, w c g \ h) 



< Q\f\\ H[ 



m 

3/2+21- 



6 ) IIL?llla2 (R 6 ) |||n||| s o (R 6 ) 



Finally, for the case > 2, since 3/2 + 2s < 3 < N, we have also 



(red 81 /, w'sP-g,^), h) n 



< C||/|U ( 



(R0)III^IIIS^(R 6 )lll"IIIS|j(R 6 ) 



The proof of the proposition is then completed. □ 

By using the argument in the proof of the above proposition, the following proposition 
follows from the Sobolev imbedding theorems. 

Proposition 3.7. For any I > 3, we have, for all p e N 6 , |/8| < 2, 



(3.2.7) 



(W ( Cf^if, g), k) ^ C||/|| H 3 (R 6) |||g||| S 3 (R 6) |||/Z||| S (R 6). 



Finally, the linear operators can be also estimated as follows. 
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Proposition 3.8. For I > 3, we have for any j3 e N 6 , 



(3.2.8) 

If\P\> 1, we have 
(3.2.9) 



\(w f sP x Mf), h) L2(R6 j < C m \\f\\ H f im IPIIIsg(R«. 



\{£i(W c dP Kvg )-W c cf x ,Xi(g), h) 
< C m (\\g\\ Hi 



L 2 (R 6 ) 
f hl (R 6 ) ) 



S»(R 6 )' 



and for \) 
(3.2.10) 



|(Xi(W^)- W ( //) i2(R6 J < C||g|| i?(R6) |P||| B o (R6) . 

Sj(R 6 ) comes from the Sobolev 



Remark 3.9. On the right hand side of \3.2. 71 ), f/ie term 
imbedding 



?3/t])6\ 



L°°(Rj; #f (lO) 3 //^ /2+2l+e (R 6 ) d ££(R°), 

where e is any small positive number. Thus the order of differentiation is equal to 3. Note 
that this is due to the nonlinearity in the operator T(-, ■)• For the linear operators, the 
estimates given in ( 15. 2. 91 ) and ( 15. 2. 1 01 ) c/o «of involve this term. 

Proof. For the proof of ( 13.2.81 1, by using the Leibniz formula d3.2.2| i, we have 

+ Z C^(w e T{SP^f, yfU , m ) " T(cf'f , y/H , ^ ), 

= E x +E 2 . 
Then ( 13.2.5b implies 



and ( 13.2.4b implies also, 



< Q\f\\ H v 



where for the case when f>\ — {S, we have used (13.2.6b . 

For (13.2.91 1, since -£.\(g) = F( g), by using again the Leibniz formula ( 13.2.2b . we 
have 



-(wX^(s)-£i(W f ctg), /z) l2(r6) 

= (W f < v r( ^7 , , g) - F( ^7 , W f 3?,,., g), /z) i2(R 



Iftl<t8|-1 



= Fj + F 2 . 
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Then ( 13.2.5b implies 



Z C %A W(T ^ ^8* to ) - T(df>l wCdf>1 8> to ). ^) i2(R|>) 

^ Cll -0I|l fl W (R 3 ) ll5ll H j8l( R 6 ) lll'l|llsO(R6 ii ) < C|lgllflW(R6)IPIIIfi<>(R6 v ) , 

which also gives ( 13.2.101 ) . 

On the other hand, for F\ , ( 13.2.41 1 implies that, when |/? 2 | < |/8| - 1, 

< c( f ^^(iiiw^iii 2 + IIW^H 2 ^)^ 

r \ I/2 

+ ^ \\W { ^g\\ 2 LW) (\\\^ ^7 III 2 + H^ 1 ^11^)^] iii/iiiisj.^) 

< C|| ^ll^i^^^lll^lll^i^lplllgo^) 

< Qlglll^i-^IPIIIs^. 
Then the proof of the proposition is completed. 

4. Local existence 



4.1. Energy estimates for a linear equation. We now consider the following Cauchy 
problem for a linear Boltzmann equation with a given function /, 

(4.1.1) d,g + v ■ V x g +£ lg = T(f, g) - £ 2 f, g\ t=0 = g , 

which is equivalent to the problem: 

d,G + v ■ V,G = Q(F, G), G\ t=0 = Go, 

with F = ji + yfjlf and G = /u + yfjlg- 

We shall now study the energy estimates on (14.1. Il l in the function space H^, For 
N >3,£ >3 and ji e N 6 , |/?| < N, taking 

<p(f,x,v) = {-\f\sP s ,W lc dP x ,,g){t,x,v), 

as a test function on x we get 

~\\^it L ^A w ¥^ A ■ v * w% v g) L ^ )+ (w^ig), w^ v g) L2(R6) 

where we have used the fact that 

(W x (w^ v g), W% v g) L2 ^=0. 
Applying now Propositions [33] and [3]8] we get for any 3 < k < N and \(3\ < k, 



< c 



■ (HsIIh; 



*{B6\ + 



+ IIsIIh*^) + II/IIhJ(r6) II^IIIs*, 

Sj- 1 (R 6 ))lll^Hlsf(R 6 )}- 
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By taking summation over \f>\ < k, Lemma 12.31 together with ( 13.1.2b and the Cauchy- 
Schwarz inequality imply that 

(4- 1 - 2 ) j t W8\\ 2 H ^ } + ylllsllllfcR.) * C k ,\\f\\H* m 111*111*^, 

+ C W (\\gf m6) + ||/||^ (R6) + lllslll^ 1(R6) ) , 3 < k < N . 
For k — 1,2, Proposition l3.7l is used to get 

(4.1.3) J t \\8\\ 2 H > (m + ylltelll^) * C k/ \\f\y f m MW 2 ^ 



while for = 

(4.1.4) ^'^"i?(R 6 ) + Y H^H^OR") " Co/lu "^'"Sjai 6 ) 



d „ „2 , C 0,,| ,,|2 . n M , „,||2 



<V (llsll^) + ll/Hff^ ) 



where Co is the constant in (I3.1.2I I. which is independent on k, I and N. 

Take N > 3, when k > 2, by taking a linear combination of ( I4.1.2I I and ( 14.1.3b . we have 

C() M _ M 2 \ , ^0 2 



<^2 
" 2 



2 2 C ke 5 S ?( R6 > 

(ll/[lff*(R«) 111*111^6) + ll£ll^(R6) + H/Hh«(R6)) 



£ y (|I/IIh?(r«) lltelll^) + II*IIh«( R 6) + H/H^)) 



Co 

l" 

+ C k - U {\\f\\ H N (B?) |||^|||g« (R6) + llgll^S) + 11/11^016) + lll*lll^ (R 6)) ■ 

By induction and by using (14.1.41) . we have the following estimate 
(4.1.5) 



d 



dt 



+ Q lll*lllL (R 6) 



^0</t<iV 

< CV,f (ll/llffAT^) IIISlll^) + IISll^V (R 6) + H/H^ (R 6) ) . 



for some positive constants Co < Co, c k ,t and C^,t ■ Notice that 



(4.1.6) \\g\\l ?m ~ J] c kJ \\g\\% 

0<k<N 

We are now ready to prove the following theorem. 



Theorem 4.1. Let N > 3,i > 3. Assume that g e Hf(R 6 ) and f e L°°([0, F]; H^(R 6 )). 
Ifge L°°([0, T]; fff (R 6 )) f| L 2 ([0, T]; (R 6 )) is a so/wft'on of Cauchy problem fliX/l) . 
then there exists eo > such that if 

ll/llL«([0,r];flfC6l 6 )) - e °' 

we /zave 

(4.1.7) ll^lli» ([0 ,r];<(R6)) + ll^llL2 ([0ir];S « (R 6)) < C e cr (||goll^ (R6 ) + <%T), 
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for a constant C > depending only on N,£ . 



Proof. Choosing eo = we have, from ( 14.1.5b . 



and 



d_ 

dt 



\0<k<N 



Co 

2 



2 

2^(R 6 ) 



< 2C N , { (\\gf H » m + 4) ^C(J] c kJ \\g\\ 2 Hk(m + e 2 ), 



d_ 

dt 



()<k<N 



+ Y e ' C ' m ^m- Ce ^ CI - 



V Q<k<N 

Thus we get ( 14.1.71 ) for some constant C > and this completes the proof of the theorem. 



4.2. Existence for the linear equation. With the energy estimate given in the above sub- 
section, we can now prove the following local existence theorem by using the Hahn-Banach 
theorem. 

Theorem 4.2. Let { > 3,N > 3 and go e H^(R 6 ). There exists e > such that if 

ll/llL"([0,r];Hf(R 6 )) ^ e o, 

then the Cauchy problem j4.1.1t admits a unique solution 

g € L°°([0, T]; Hf (R 6 )) n L 2 ([0, T]; <B N t (R 6 )). 
Proof. We consider the following Cauchy problem : 
(4.2.1) Vg = d,g + v ■ V x g + £ ig - TXf, g) = H, g(0) = go- 

For h e C°°([0, T]; S(R* „)) with /z(T) = 0, we define 

(s 'P* ph) — ( V s h\ 



so that V* N ( is the adjoint of the linear operator V in the Hilbert space Z/([0, T];H^(R°)). 
Set 

W = {w = 9* Nt h\ h € C°°([0, F]; 5(R* V )) with fc(T) = o} , 
which is a dense subspace of L 2 ([0, 7"]; tff(R 6 )). And we also have 
<P* NJ {h) = -8,h + (y • V,)*ft + £^ + r*(/, ft) . 

Then 



Same as Theorem |4.1| for | 



lL"([0,r];H"(R 6 )) 



H N m 6 )) — e o, we have 
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Thus, for all < t < T, 

PWII^.v (R6) + c\\h\\ 2 LH[tJ] , S „ (R6)) < C[h, <P* NJ h ) L2{[l T] . H N (R6)) 

< C||!P^,^(/!)|| L 2 ([ , >7 -]. H A'( ]a 6 )) ||/l|| L 2([ fi7 - ] . H jy (R 6 )) . 

Hence, we get 

(4.2.2) \W\l 2 ([0,T];H?(R 6 )) + H^lli=([0, 7-] ;j W^(K 6 )) ^ CT\ \P* N ^ e | L 2 ([0> T] . H N (R6)) . 

Since 

\\h\\L 2 ([t,T];H?(R 6 )) - QWlmitJ]; S^(K. 6 ))' 

we also have 

(4.2.3) Plb([o,r] ; sym. 6 )) - CWPke^LHio.n.H^m) ■ 
Next, we define a functional Q on W as follows 

Q{w) = (H, h) L 2 mT] . H N {R6)) + (g ,h(0)) H N (R6) . 

Then, if H e L 2 ([0, T]; Hf_ s (R 6 )), (T3~T31 i gives 

\@{w)\ < ll#lb([0, T]; tf£ t (R<-))Plb([0, 7']; H^,(R 6 )) + llgollff»(R6)IIKO)llfff (R6) 
^ C||//|| L 2 ([(X7 - ] . w « !(R 6 )) p|| i 2 ([0r] . S « (R6)) + WgoWH^iR^WHO^H^Bj.) 

where we have used ( 14.2.21 ) and ( I4.2.31 l. 

Thus, Q is a continuous linear functional on (W; || ■ llz,2([o,r];H iv (R 6 )))- Now, there exists 
g e L 2 ([0, T]; tff (R 6 )) such that for any w e W, 

£(w) = (g, W>) Z 2 ([0i r];fff(R<i))> 

by Hahn-Banach Theorem. For any h e C°°([0, !T];»S(R* V )) with /z(J) = 0, we have 

(g> V NJ h ) L 2 ([ ^ T] . H N {m = ( H > h ) L ^o,T]^m) + (So, K0)) H N m , 
and by the definition of the operator V* N e , we have also 

( Pg ' ^)i 2 ([0, T];L 2 (R 6 )) = (H ' S Wn^Cl«)) + 

where 

Ji = A N W 2C A N h e C°°([0, T]; .S(R 6 )) with = 0, 

where A = (1 - A XtV )i. Since A N W 2C A N is an isomorphism on [h : h e C°°([0, T]; <S(R 6 )) 
with /z(r) = 0}, we have shown that if H e L 2 ([0, T]#?_ s (R 6 )), then g e L 2 ([0, (R 6 )) 
is a solution of the Cauchy problem ( 14.2. U . 
It remains to take 

H = -£df) = T(f, yjjl), 

to get 

\(H, h)L 2 ([0,T];H?(R 6 ))\ ^ C|l/ll/. 2 ([0, r], H^(H<>))\W\lH[Q,T]: S?(R 6 ))- 

Then is also continuous on W. And this completes the proof of Theorem |4.2| □ 
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4.3. Convergence of approximate solutions. In this subsection, we prove the local exis- 
tence theorem. 

Theorem 4.3. Let N > 3, € > 3. There exist e\ , T > such that if go e Hf(R 6 ) and 

\\8o\\h^<m 6 ) - e i ' 
then the Cauchy problem ( 11.31 ) admits a solution 

g € L°°([0, T]; H N t (R 6 )) n L 2 ([0, T]; B N t (R 6 )). 

Remark 4.4. By f/te equation in dl.3t , w have, for < s < 1/2, By using the equation 
( ll.3l l, we have, for < s < 1/2, 

vV^eL^OJpfi'd 6 )), 

Moreover, if we go back to the equation (1.1), we have that 

/ = //+Ae<([0J]xflxR 3 )), 

/or any f 6N any bounded domain Q C E? x , and thus the Sobolev embedding implies 
that f is a classical solution of equation (1.1) if N > 7/2 + 1. We will use this properties 
for the smoothing effect of Theorem 1.1. 

For the proof of Theorem 14. 31 we consider the sequence of approximate solutions de- 
fined by the following Cauchy problem, n e N, 

d,f +l + v • V,/" +1 = Q(f\f n+l ) , 1, =0 = fo, 

where /" = p. + p 1/2 g" and f° = fo. Note that it is also equivalent to 

(4.3.1) d, g n+l + v • v,s« +1 + x lg " +1 - rv,#" +1 ) = -£ 2 g" , = g0 . 

Proposition 4.5. Let N > 3, 1 > 3. There exist e\, T > such that if go e Hf (R 6 ) cmd 

II^oIIh^r 6 ) ^ e i . 

f/ie Cauchy problem ( I4.3.7D admits a sequence of solutions 

{g",ne N) c L°°([0, T]; //f(R 6 )) n L 2 ([0, T]; S N e (R 6 )). 
Moreover, for all n € N, 

(4.3.2) II,?"IIl"([o,7'];h; v (r 6 )) + ll^lbaans"* 6 )) - e °' 

where eo is the constant in Theorem \4.1\ 

Proof. ( I4.3.2I ) will be proven by induction on n. Firstly, consider the equation 

d,g l + v ■ V.vg 1 + Xig 1 - r^o,^ 1 ) = -£2go , g- 1 l/=o = go- 
When ei < e<), the existence of g l is given by Theorem |4.2| satisfying 
g 1 € L°°([0, T]; i/^(R 6 )) n L 2 ([0, T]; (R 6 )). 
From Theorem l4.ll we can deduce 

ll^'llt-ao.nflfcR 6 )) + ll^ 1 lli 2 ([o,r];sf(R 6 )) ^ Ce 07 ^!!^!!^^ 6 )- 

Thus ( 14.3.21 ) holds when ei is chosen to be small compared to eo- 
For n > 1, under the assumption that 

ll^llL~aO,r|;flf(R«)) + \\8"\\l 2 ([0J];^(M. 6 )) - e 0, 

Theorem l4.2l vields the existence of 

€ L°°([0, T]; Hg(R 6 )) n L 2 ([0, T]; (R 6 )). 
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From Theorem l4.ll we can deduce 

H# IIl»([0,7-];H^(R 6 )) + H# Hl2([0,7-];S*(R6)) - C I Ig'O MjyAr^s j + fo^)" 

and this gives 

\\g" + \\lf°Q0,T];Hf ($.<>)) + ll^" +1 HL 2 ([0,7'];»f(R 6 )) ^ e 0, 

when r > is sufficiently small, 

Thus we prove ( 14.3.21 ) for all n e N, and this completes the proof of the proposition. □ 

It remains to prove the convergence. Set w n = g n+l - g" and deduce from ( 14.3.11 ) that 
d,w" + v ■ V X W + £iW - T(g", w") = r(w"-\g") - £ 2 w"- 1 , w"\ t=0 = 0. 
Similar to the computation for ( 14.1.41 ). we obtain 

Jt^qw + ylll^ll^RO) ^ c o/II^"IIh, 3 (r')IIIw"IIIso (R6) 

+ Co.fllw^'llij^jdll^lH^^) + l)|||w"||| s o (R6) . 
If eo is sufficiently small, this yields, 

which, in turn, gives, if T is sufficiently small, 

II W "IIl° o ([0,7'];L^(R 6 )) - llL»([Q,r]^(R 6 ))> 

for some A e (0, 1). Thus we conclude that the sequence {g") is a Cauchy sequence in 
L°°([0, 71; L 2 (R 6 )). Let g be the Umit function. 

By interpolation with the uniform estimates (14.3.21 ), we see that the sequence is strongly 
convergent in 

L°°([0, T]; H^ S (R 6 )) n L 2 ([0, T]; S^ 6 (R 6 )) 

for any 8 > 0. Furthermore, by using equation d4-3.lt and Proposition 14.51 we see that 
\d,g n ] is uniformly bounded in L°°([0, T]; H^~^), so that it is a compact set in the function 
space 

C w Q0,r.[; ff^j 1-2 *(Q X Rj)) 

for any bounded domain Q c R^. Now we can take the limit in equation ( 14.3.11 ) and thus g 
is a solution of Cauchy problem dl.3t . 

Finally, by a standard weak compactness argument, we can extract a subsequence of 
approximate solutions such that 

g" ^ ge L°°([0, T]; H% (R 6 )) weakly*, 

g'^^e L 2 ([0, r]; <B N t (R 6 )) weakly, 

which shows that 

g € L°°([0, T]; Hf (R 6 )) n L 2 ([0, T]; (R 6 )). 
Now the proof of Theorem l4.3l is complete. 

5. Qualitative study on the solutions 

In this section, we will prove two main qualitative properties of the solutions to the 
problem considered in this paper, that is, the uniqueness and non-negativity. 
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5.1. Uniqueness. The uniqueness of solutions can be proved in a larger function space as 
stated in Theorem ll.2l To obtain this theorem, we now first prove two preliminary results 
in the following lemmas. 

Set ip(v, x) = (v, x) 2 = 1 + |v| 2 + \x\ 2 and 



(v) ; (l + M 2 ) //2 

<p(v,x) l+|v| 2 + |x| 2 ' 
Lemma 5.1. For l>4, we have 

i^-w;^csin(-)( i-^LJ, +S in'-3(-)w;, 

(5.1-D ^C(6W' l W' (pXt +6'- 2 W'^), 

where W , — r — , and also for I > 1, 

<p(v'„x) J 

(5.1.2) \W vJ - W'J < Csin - ' ; - < C0-^- 

w ' \2I ip(v , x) <p(v ,x) 

Proof. For k>0,a> 0, set 

A k 

F k (A) = 



A + a 

Then for A e [1, oof, we have £F k (A) > Oif k > 1 and £rF k {A) > Oiffc > 2. Since j- A F k {A) 
is positive and increasing on [1, oo[ if k > 2, it follows from the mean value theorem that 
for A, A' > 1 

\F k (A) - F k (A')\ < ^-F k (A +\A- A'\)\A - A'\. 
dA 

Setting A = <v) 2 , A' = <v'}\ we have 

l^«v> 2 ) - F k {{v') 2 )\ < -^(2«v> 2 + |v - v'| 2 ))(2|v| + |v - v'|)|v - v'| 
dA 

<2£fy 1/2 (2«v> 2 + |v-v'| 2 ))|v-v'|, 

because U - A'\ < 2|v - v'||v| + |v - v'| 2 < |v| 2 + 2|v - v'| 2 and \fA~£F k (A) < kF k - l/2 (A). 
Therefore, we obtain, choosing a = |x| 2 



1^,/ - < C/ 



(v/ _1 |v-v'| |v-v'|' 



+ 



(v) +|v-v'| 2 + a (v) + |v - v'| 2 + a 



(5.1.3) <C, |v - v'\{v)'~ 3 Fi({v} 2 ) + C/— 7 h 



(v) + |v - v'| 2 + a 
= / + //. 

Note that (v) 2 < 2(v*) 2 + 2|v - v»| 2 . Since F\ is increasing, we have 
/ < C; |v - V |<v) 



(v*) 2 + |v - v»| 2 + \x\ : 



(6\ W, + W/_ 3 W3, 
< Q sin - 

\21 tf(v t ,x) 
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On the other hand 

Iv-nl'sin'(f) 
' 1 + (1 - sin 2 (f ) )|v| 2 + \ sin 2 (f ) |v.P + \x\ 2 



< Ci sin 



,_ 2 (e\ Wi + Wi. t 

[21 tf(v„x) ' 



Since v and V are symmetric, we get the first conclusion. The second one is a direct 
consequence of the first inequality of ( 15.1.3b . □ 

Lemma 5.2. Let I e N. If < s < 1 /2, there exists C > smc/z f/iaf 

(5-1.4) \((W,j Q(f, g) - Q(f, Wyj g)), % ( J 

^ CII/llL-CRj^J^^IIW^IbcR^H^IlL 2 *. 6 )- 

Moreover, ifl>5 then 
(5-1.5) \((W?,i Q(f, g) - Q(f, W?,i g)), h) mm \ 

^ C||W ¥ ,,//|| L 2 (M 6 ) ||g|| ic „ (Il 3. i 2 (]R 3 )) p|| i 2 (R 6 ) . 

Proof. It follows from d5.1.2t that 

\{(W,,,Q(f, g)-Q{f, Wvjg)), h) L2m \ 

= | jjjj b f: g '(W' ipl -W ipJ )hdvdv t do-dx\ 

< C JJJJ b\6\ \(Wif)'J \(Wv,ig)'\ \h\ dvdvtdo-dx 
= C JJJJ b\8\\(W,fU \(W^,g)\ \h'\dvdv t dcrdx 

< C( ffjj b\6\ \(W,f),\ W^grfdvdv^do-dxf 1 

x( jjjj b\6\ \(Wif) t \\h'\ 2 dvdv*do-dx) U2 
= CJi x J 2 . 

Clearly, one has 

J\ < CH/lli^^i^^llW^H^^ JT fo(cos0) \6\ do- < CII/II^^i^jjIIW^H^j. 
Next, by the regular change of variables v — > V , cf. ll6l [T6l . we have 
J\ = jjj D Q (v t ,v')\(WifU\h'\ 2 dv*dv'dx, 

where 

D (v,v')=2 f — ^^^—b(cos6(v t ,v\o-))do-<C f i/f- l ~ 2s sin^ di/f, 
J SS 2 cos 2 (6»(v„v',o-)/2) Jo 

and 

v' - v, 

cos ifr = ■ • a, \p = 6/2, dcr = sint//dt//d<p. 

\v' - v,| 

Thus, 

/ 2 < C||/|| i «, (R 3. i l (R 3 )) ||/j|| L2(R6) , 
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and this together with the estimate on Ji give ( 15.1.4b . 

We now prove (15.1.5b by using (15. 1 . lb instead of ( 15.1.2b . For this purpose, when / > 5, 
we write 



(o*ve(/, 8 )-Q(f, w^jg)), h\ 

jjff b\6\ \(W V M \(W,g)'\ \h\ dvdvdcrdx 



/L 2 (R 6 )I 

< c< ' 

+ Jjjj b\0\'- 1 \(Wv,if)'J \g'\ \h\ dvdvjadx^ 
= Mi + M2. 

The estimation on M\ can be obtained following the proof of (15.1.4b except for the x 
variable. Indeed, 

M l <cj( JJJ b\B\ \(Wrtf).\ mgfdvdv^do-) 112 
x( jjj b\6\ \{W^f\\\h'\ 2 dvdv t dcr) ll2 dx 

^ Q\g\\L™»ltfgil)) J 11^.3 /Hl'(r?)PIIl 2 (r?) dx 

^ Q\g\\L*(Rl;L*(Rl)) (J" 11^,5 /l£, (R3 /-*j M^ydx 



< QIW^S f\\LH¥j-)\\g\\L^(Rl-L^(Ri))\\ h \\L 2 (^)- 



Mi can be estimated as follows. Firstly, we have 
M\ =C 2 ' 



JJjj b\0\'- 2 \(W^,fU\g\ \h'\ dvdvjcrdx 

<C 2 fjjf b\e\ l - 2 -i\g\\{W vJ f)A 2 dvdv*d C rdx 

x JJJJ b\6\ '- 2+ i\g\\h'\ 2 dvdv»dcrdx 
=M 2 ,i xM 2 , 2 - 

Then, if / - 2 - | - 2s - 1 > -1, that is, / > 2s + § + 2, we have 

MM < C'||§|| £ «, (R 3 ;L 1 (R 3 )) ||W S0 ,Z/||^ (R6) . 

On the other hand, for M 2 ,2 we need to apply the singular change of variables v, — » v' . 
The Jacobian of this transform is 

|3v,i 8 8 4 



l<9v '' \l-k®a\ sin 2 (0/2) 



< 16r 2 , 9e [0,n/2]. 



Notice that this gives rise to an additional singularity in the angle 9 around 0. Actually, the 
situation is even worse in the following sense. Recall that 9 is no longer a legitimate polar 
angle. In this case, the best choice of the pole is k" = (v' - v)/|v' - v| for which polar angle 
i/r defined by cos if/ = k" ■ cr satisfies (cf. J6] Fig. 1]) 

7T - 9 , r 7T 7T 

= — - — , do~ — sin {J/d\Jjd(j), if/ e [ — , — ]. 
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This measure does not cancel any of the singularity of b(cos 8), unlike the case in the usual 
polar coordinates. Nevertheless, this singular change of variables yields 

Mi, 2 = C JJJJ b(cos6)\6\' + ?\(g)\ \h'\ 2 dvdv t dcrdx 

<C jjj Di(v,v')\(g)\ \h'\ 2 dvdv'dx, 

when I - 2 > | + 2s because 

0'- 2+ i - 2 b(cos 0)dcr < C (- - ijjY 2 - 2s+l - 2+ i - 2 d\l> < C. 

SS 2 Jrr/4 2 



Therefore, 



M 2 , 2 < C||^|| L » (R 3. Ll|:R 3 )) ||/z||^ (R6) . 



Now the proof of ( 15.1.11 ) is completed by using the imbedding estimate for I > |, 

IL?IIl1(r2) ^ Cl^ll^dgj). 

And this completes the proof of the lemma. □ 
We are now ready to conclude the proof of the uniqueness theorem. 

Proof of Theorem 1 1 .2 1 : Set F = ft - f 2 . Then we have 

(5.1.6) (F t + v.VF = Q(fuF) + Q(F,f 2 ), 

[ r \t=0 = U. 

Let S(t) € Cq(R) satisfy < S < 1 and 

S( T ) =1, |t| < 1 ; S(t) = 0, |t| > 2. 

Set S N (D X ) = S(2- 2N \D X \ 2 ) and multiply W^jS NiD.fW^jF to (15X61 Integrating and 
letting N — > oo, we have 

— IIW^COII^., = (W,j Q(f u F) + Wyj Q(F h) , W.jF)^ 

because (v ■ V X S n(D x )W^jF, S n(D x )W v jF) [2(^6) = 0. The second term on the right hand 
side is estimated by IIW^/FH^^.. Since f\ > 0, from the coercivity of —(Q(f\,g),g) it 
follows that 

By Lemma [5^21 we have 

Q(fu F)-Q(fu W,j F)), Wyj F) Lim \ 
< Q\fi IIl»(r3^(r3))I|W^F||^ 2(r6) , 

and 

\{(W vJ Q(F, fi) - Q(F, W vJ f 2 )), W,,,F) L2m \ 
^ C||/2|Il»(e3. L 2 (K 3 )) ||W^F||^ (r6) . 
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Finally, for / > 7/2 + 2s, we have 

\(Q(F, W v , l f 2 ),W lp ,iF) L | < C\\Q(F, W^f 2 )\\ L 2 (R6) \\W^F(t)\\ L 2 (R6) 



2 \l/2 



< C\\W^F(t)\\ L 2 (m [ J \\ ^Ifl f ^^L f 2 (t,x,-)\\ 2 H2s m) dx 



< cw^Fmi^um^. Hf:2s(Rl)) , 

because (x)~ 2 < W v ,2 and {x) 2 /ip is a bounded operator on H 2s uniformly with respect to 
x. Thus, we have, for any < t < T 

^ C '(ll/lllz.»aO,r[xRj;Z, J 1 (R|)) + ll/2llz,»(]0,r[xR3;Hj 2 ,(RS)))ll%,/' iF (0llra (R 6y 

Therefore, ||WV' f (°)IIl 2 (]r 6 ) = which implies \\W^iF(t)\\ L 2 m6) = for all t e [0, T[. And 
this gives fx = f 2 , and thus completes the proof of Theorem |1.2| 



Remark 5.3. For the function space considered in Theorem \l.l\ the uniqueness of solu- 
tions is a direct consequence of Theorem \1.2\ if there exists a non-negative solution. It is 



because g e H k ( andg e L°°(]0, T[xHf) with kj>3 imply /,, = p + y/pg e L°°(Rj; H 2 , s ) 
andf=p + ^pg € L°°(]0, T[xR 3 x ; H 2 ?) for any m, respectively, and k > 3/2 + 2s. 

5.2. Non-negativity. In this subsection, we will prove the non-negativity of the solution 
obtained in Theorem ll.il 

Theorem 5.4. Let N > 3J > 3. There exists e x > such that if g & H^(R 6 ) with 
p + p^ 2 go > and Hgoll//" (R<i) ^ ei , and g e L°°([0, T]; H^(R 6 )) is a solution of Cauchy 
problem ( TOl ), then we have p+p l/2 g>0on [0, T] x R 6 . 

Proof. By applying the Remark 5.3 on the uniqueness to the Cauchy problem (11.31 1. it is 
enough to prove the non-negativity of the approximate solutions given by Proposition l4.51 
that is, 

(5.2.1) f = p+p 1/2 g" >0, n&N. 

Again, this will be proved by induction. It is clearly true for n = by taking g° = go, and 
so we now assume that it is true for some n and will prove that ( 15.2. It is true for n + 1 . 
From ( 14.3.11 ), f" +l = p + p l ^ 2 g n+l is the solution of the following Cauchy problem : 

,c 9 9 ^ / + v ■ V,/" +1 = Q(f",f n+1 ), 

(5 ' Z2) 1 /" +1 U=/o=^V /2 go>0. 



Take the convex function 



with s~ = min{s, 0), and notice that 

Ps{s) = —J— = S . 

ds 

Setting <p(x, v) = (1 + \x\ 2 + |v| 2 )~ 2 and noticing that 

&(/" +1 )0(x, v) = min{/" +1 , 0}<p(x, v) e L ro ([0, T]; L>(R 3 t ; L 2 (R 3 )), 
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we have by (15.2.2b , 



d_ 

dt 



J a 6 



-- I f3(f n+l )<l>dxdv = Q(f", /"+') /W" +1 ¥ dxrfv 



R 6 

(P(f n+l )</>)dxdv - \ (4>~ l v • V x 0) /3(f" +l )cf>dxdv, 

JtL 6 



where the first term on the right hand side is well defined by Theorem 12. 11 because f 

2 s 2 s 



belongs to L°°([0, T] x Rj; Ll n fl|'(Rj)). Since the second term vanishes and |v ■ V x 0| < 



C0, we obtain 

^ f {3(f +1 )<pdxdv < f Q(f n ,f n+1 )j3 s (f n+1 )<pdxdv + C f 
For the first term on the right hand side, we have 



Q(f n ,f n+l )p s (f n+1 )<pdxdv 



f 

= f f fc(cos0)(r'r +i '-/;r +i k(/ n+1 )0 
+ f p s (f n+1 )f n+1 <t> f b( C ose)(f!? -/:) 

= 1 + 11 . 

From d4.3.2| ). we have, for any n e N, 

ll/"llz.-([0,r]xR;;/.'(Rj)) ^ 1 + g"\\L°°([0,T]xRl-,L 1 (Rl)) 

< 1 + C\\8"\\l-(.[0,t]xrI;l^)) < 1 + Ce , 
so that the cancellation lemma from [6 1 implies that 

f b(cos 6)(f>;' - fZ) = C f f"(t, x, v)dv < Clirili.-ao.rixR-i.'fR,'), < C , 
JrJ.xsss- JrJ 

while /3 s (s)s = 2/?(.s) implies that 

|//| < C f P( f n+l )(pdxdv . 
Jr 6 

On the other hand, by the convexity of that is, 



p s (a)(b-a)<J3(b)-J3(a), 
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and the assumption that /"' > 0, we get 

/= f f Mcos0)/;'(r +i '-r +i k(/" +i )0 

<f f Mcos0)/;'(/?(/" +1 ')-a/" +1 ))0 

- r r hcos w +i )(/"' 
< r r mcos0)/:w +i )(0'-0)+c r p^wxdv 

Jk.%„ Jm.l,xssl Jr 6 
= /i + / 2 ■ 

Applying Taylor's formula to the first term gives 

h=fdr[ f Mcos0)/:'/3(/" +1 )(v'-y) • V v «^(v + r(v' - v))) . 

Jo JrI, Jr=|.x55J V 7 

Since 

(5.2.3) |v' - v| = |v - v,| sin (|) < <v> <v.) sin (|), 

by setting v T = v + r(v' - v), 0<t<1,0<#< tt/2, we have 

|v| < |v T | + \V -v\< |v T | + sin (|)(|v| + |v.|) < |v T | + ^|v| + |v.|. 

Then 

(l+W 2 + |v| 2 )<C(l + W 2 + |v T | 2 )(l + |v»| 2 ), 

which implies 

|V V 0(*, v T )| < (1 + |x| 2 + |v T | 2 )- 5/2 < Ccf>(x,v)^- . 

So we obtain 

\h\<C\\f n \\ L ^ T]xUhLim f (3(f +l )cf>dxdv. 

Jr 6 

Again from ( |4.3.2t , we have, for any n e N, 

ll/'lli»([0.nxK|;£j(Kj)) ^ II^ 1/2 Hl ( ;(R 3 ) + ^ C (! + £ o)- 

Finally, we have obtained, for < t < T, 



- /3(f" +l )<l>dxdv<C /3(f" +l )</>dxd V , #r +1 )Uo = 0. 

at J R 6 J R 6 

Therefore, for < t < T, and by continuity, 

f P(f n+1 (t))(pdxdv = 
Jr 6 

which implies that, /" +1 (r,x, v) > for (f,x, v) 6 [0, T] x R* y . Therefore, the proof of 
Theorem |5.4| is completed. □ 
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Remark 5.5. Note that the above analysis can be extended to the strong singularity case. 
Indeed, by writing 

h= f f Mcos0)/:'£(/" +1 )(v'-v) ■ V,.0(v) 

Jr| v Jr^xssI 

+ 1 r r r mc OS ^ - v) 2 vw v + T (v' - v))) 

2 Jo Jr5„ JrJ. xssj 



= /n +1\2, 
since we have 

\V 2 v (f>(x, v T )\ < (1 + \x\ 2 + |v T | 2 )- 3 < C0(x,v)^ , 
it follows from d5.2.3t f/zaf 

|/i2l^C|irili,-(B>,r|xBi;ii«» f P(f" +l )$dxdv. 

Jr 6 

0« ?/ze of/ter /ia«af, setting k = ana? writing 

v' - v = ||v - v.|(<r - (cr ■ k)k) + i((cr ■ k) - l)(v - v.), 

we have 

hi = \[ f Mcos0)/:W' +1 )(cos0- l)(v- v.) ■ V v 0(v), 

w/zere we /zave Mseaf the symmetry that J ss2 b(cr ■ k)(cr — (cr ■ k)k)c/<x = 0. Therefore, we 
have 

|/nl <C|iri| L „ ([0 , r]xR 3, L , (Il 3 )) f /3(f n+l )</>dxdv, 

Jr 6 

a«c/ f/ie jflme estimation holds also in the strong singularity case. 



6. Full regularity 



We now prove the smoothness effect of the Cauchy problem for the non-cutoff Boltz- 
mann equation. More precisely, the main result of this section is given by 

Theorem 6.1. Assume that < s < 1/2. There exists e\ > such that if go e H^(R. 6 ) 
with n + p l ^ 2 go — 0, I|£oIIh 3 (R 6 ) - fi , and g e L°°([Q, T]; H^(S, 6 )) is the solution of Cauchy 
problem ( 1731 ), then we have g e C°°Q0, T[xR 6 ). 

Let us recall that ff*(Rj ), ff*(R^ v ) and ff*(R^) denote some weighted Sobolev spaces 
with the weight defined in the variable v. Since the regularity result to be proved is local 
in space and time, for convenience, we define the corresponding local version of weighted 
Sobolev spaces. For < T\ < T2 < +°°, and any given open domain Q c R-J, define 

< H / m (]7 , i, T 2 [x£l x Rj) = {/ e D'QT U T 2 [xQ. x R 3 v ); 

<pW(x)f e //J"(R 7 ) , V if e C^(]T U T 2 [), if, e C m (Q) }. 
The proof of Theorem |6.1| will be divided into several steps. 
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6.1. Formulation of the problem. First of all, we recall the main result in [12] given 
below. 

Theorem 6.2. Assume that < s < 1, < T\ < T 2 < +°o, Q c R 3 X is an open 
domain. Let f be a non-negative solution of the Boltzmann equation ( |i.7| ) satisfying 
f € r HfQT\, T 2 [xQ. x Rj) for all feN. Moreover, assume that f satisfies the non-vacuum 
condition 

(6.1.D ii/a,^-)iLi( R 3 ) >o, 

for all (t,x) €]T\, T 2 [xQ,. Then we have 

f e 'HfQTu T 2 [xQ. x R 3 ,) c C +co (]T u T 2 [xQ. x R 3 ), 

for any i 6 N. 

To apply this result, let us firstly note that, by Theorem l4.3l and Theorem l5.4l under the 
assumption of Theorem l6.ll the unique solution of the Cauchy problem ( 11. 3t satisfies 

H^llL-([0,ri;fl|CR 6 )) - e °' ^ + ^8 - °- 
Therefore, f - p + y[p g > is a solution of Boltzmann equation ( 11. U . On the other hand, 
we can choose eo > small enough such that 

H"V^^llL»([0,r]xRj;L I (R5)) ^ C\\g\\L<°([0,T];HHR 6 )) ^ Ce < 1 

where C is the Sobolev constant of the imbedding H 2 (R 3 X ) c L°°(Rj). Thus, for any (f, x) e 
]0, T[xM? x , 

(6.1.2) ( f(t,x,v)dv =1+1 -^7 g(f,x, v)dv > 1 - || >^gllt-([o,rix^;Li^)) > 0, 

so that f = fx+ \[jig satisfies the condition ( 16.1.1b . 

By using equation ( II. lb and Remark l4~4l we have also, for any t e N, < T\ <T 2 <T 
and bounded open domain £2 c Rj, 

f = H+y/}ige<H}(]T u r 2 [xQxRj). 

Note that we can not apply directly Theorem l6.2l because we now only know that / has 
regularity just in'H|(]7'i, T 2 [xQ.xR 3 v ). To overcome this, we prove the following theorem. 

Theorem 6.3. Under the assumptions ofTheorem \6.1\ we have, for any < T\ < T 2 < T 
and bounded open domain Q. C R 3 ., 

f = V+^g£ tfQTu T 2 [xQ x R 3 ,), 

holds for all {<=¥(. 

The proof of this theorem is similar but easier than that of Theorem 16.21 which was 
proved in Ifl2l . In fact, since we have 

8" -» 8, 

by mollifying the initial data and using the uniqueness of solution, we do not need at all to 
mollify the solution as in HI 21 . It follows that to obtain the above regularization result, we 
only need to prove the a priori estimate on smooth solution, which can deduced from Ifl2l . 

To make the paper self-contained, we give a proof here. Let us recall that here we 
consider the Maxwellian molecule type cross-sections with the mild singularity. 

Here and below, <p denotes a cutoff function satisfying <p £ Cq and < <p < I. Notation 
<p\ cc <p 2 stands for two cutoff functions such that <p 2 — 1 on the support of (f>\. 
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Take the smooth cutoff functions <p, <f2,<P3 € CTQTi, T2O and if/, if/2,iff3 e Cj^(Q) such 
that ip cc <p2 cc ^3 and if/ cc 1^2 cc ^3. Set f\ = ip(t)tf/(x)f, fi = (p 2 (t)tf/2(x)f and 
/ 3 = tp 3 (t)if/ 3 (x)f. For a e N 6 , |a| < 3, define 

* = arzM*)Kx)f) e ^G^, r 2 [; l?(R 6 )). 

Then the Leibniz formula yields the following equation : 

(6.1.3) g, + v d x g = g(/ 2 , g) + G, (t,x,v) e R 7 , 
where 

(6.1.4) G = £ Ce(^'/ 2 , 

+ d a (<p,if/(x)f + v ■ Ux)f(t)f) + [d", v ■ d x V<p(Wx)f) 
5 A + B + C. 

Then we can take W 2f g as a test function for equation (16.1.3b . It follows by integration by 
parts on R 7 = R, 1 x Rj x R^ that 

= {W<Q(f 2 ,g), ^4 2(R7) + (G,^4 2(R7) , 

which is sufficient for obtaining the required initial regularity. 

6.2. Gain of regularity in velocity variable. The next step is to show the gain of regu- 
larity in the velocity variable by using the coercivity of the collision operator. 



Proposition 6.4. Under the assumption of Theorem 16.71 for any < T\ < T2 < T and 

bounded open domain Q. c R \, one has, 

Alfi e L 2 (R,; H 3 e (R 6 )), 
for any £ e N, where A v = (1 - A v )5, fi = <p(t)i/f(x)f with ip e C™QT U T 2 [), if/ e C°°(Q). 
Proof. Firstly, the local positive lower bound (16.1.2b implies that 

inf \\f2(.t,x,-)\\ L iQ)3)=co>0. 

(f.jr)eSupp (^xSuppiA, 

Thus, the coercivity estimate (12. 1 . It gives 

-{QUz, W e g), W e g) n =- I I (QW2, W ( g), W c g) , , dxdt 

1 J S *™ J, e Supp,J., e Supp^ 1 *' S ' L2 ^> 

> f f (C ||W^(f,x, 011^3) - Q\f 2 (t,x, ■)\y 9}) \\W e g(t,x, -^l^dxdt 

> c \\Kw f 8 \\l Hm - cr||/ 2 || L „ <;il(R;)) ||w^|| 2 ro([ar];L2(R6)) . 

Since 

II/2IIl»(^; Li(R5)) ^ C ll/2llz.»([0,r]; //^"(R 6 ))' 

and 

l|W ^Hi»([o,r];L 2 (R 6 )) - ^"IWL^ao.rj-./JltR 6 ))' 

for / > 3/2, we have 

(6.2.1) \\KW e g\\l, m < C\\f 2 \\l mT];H , m) + \(G, W 2e g) L2m \ 

+\(W e Q(f 2 ,g)-Q(f2, W e g), W e g) L2(m \. 
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By applying Lemma l3T2l the third term on the right hand side of ( 16.2.11 ) can be estimated 
as follows: 

\{(W e Q(f 2 , g)-Q{fi, W c g)), W e g) Ll{Rl) \ 

< Cr||/2ll L « ([ o, r];H ^+ e (E< i ))l^llz."([0,7-];^(R<'))ll5[lL?(R7) 
^ CT H/2llL»([0,7-];^ 2 ,"(R ( '))l^ 1 llL'"([0,7'];H, 3 (R' i ))- 

For the second term in ( 16.2.11 ), we shall prove the following claim: 
For < s < 1/2, one has 

(6.2.2) |(G, W 2[ g) L2(ft7) \ < c(||/ 3 IL» ([ o,r ]; W ) + UM^^ ^JllA^II^). 
In fact, recalling the expression ( 16.1.41 ). it is easy to get 

H-SH^dt?) + HCII^cr?) ^ CT WMl"(\0,T]; H f 3 +1 (R«i))- 

For the term A, firstly recall that a\ + a,i = a, \a\ < 3 and \aj\ < 2. In the following, we 
will apply Theorem l2.1l with m = -s. We separate the discussion on A into two cases. 
Case 1. If |ori| = 1, we have 

£ jniG(3°72, d^-m,x,-)\\ 2 H , m) dxdt 
~ C l,l3 ll ^ /2(f ' x '- )ll L^) ll ^ 2/l( ^'- )l1 ^^)^ 

2 



- < "^"^' 2 "l"([0,7']; /f 3 +3 (R 6 ))"^' 1 "L"([0,7']; H 3 e+2s (R 6 ))^ 

Case 2. If |ori| > 2, then \a 2 \ < 1, it follows that 



f f 

Jr, Jr 3 



||^/2(^,-)ll^ (R 3 ) ll^/l(^.-)ll^ (R 3 ) ^ 



- Cr "^ "i»([0,7-]; H^ 2+£ (R'>))"^ 2 "l'»([0,7-]; tf 3 +3 (R 6 ))- 

By combining these two cases, we have 

^4<J * cr (^lli-ap.r,;^ I ««» + l^lt ([ o, r]; ^ 3 ^)) l|A ^^ lli2 ^0- 

Therefore, we obtain 

\\Kw e g\\ 2 L2m <c(i + \\f 3 \\ L 

™([0,r]; H 3 C (K. 6 ))) • 

The proof of the proposition is then completed. □ 

6.3. Gain of regularity in space variable. With the gain of regularity in the variable v 
given in the above subsection, we now want to prove the gain of regularity in the variable 
x. Here, the hypo-elliptic nature of the equation will be used. 

For this purpose, we introduce a more general framework. First of all, let us consider a 
transport equation in the form of 

(6.3.1) /, + vV. t / = ? eB'(R 7 ), 

where (f, x, v) e R 7 . 
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In 0, by using a generalized uncertainty principle, we proved the following hypo- 
elliptic estimate. 

Lemma 6.5. Assume that g e H~ S '(R 7 ), for some < s' < 1. Let f e L 2 (R 7 ) be a weak 
solution of the transport equation ( 16. 3. 1 P . such that A; 5 ,/ € L 2 (R 7 ) for some < s < 1. 
Then it follows that 

Af -*'>/(*+!)/ e L^(R 7 ), a* (W)/(j+1) / e L 2 ^_(R 7 ), 

where A. = (1 - A.) 1/2 . 

Of course g is typically linked with the Boltzmann collision operator. Through the 
above uncertainty principle, we have the following result on the gain of regularity in the 
variable x 

Proposition 6.6. Under the hypothesis ofTheorem \6.1\ one has 

(6.3.2) A^/i eL 2 (R,;^(R 6 )), 
for any i 6 N ant/ < Sq = fejj ■ 

Proof. For any £ e N, it follows from Proposition 16.41 that A; 5 ,W f g e L 2 (R 7 ), while using 
the upper bound estimation given by Theorem l2.1l wifh m = -i, we get 

W f g(/ 2 , g) 6 L 2 (R^ ; ff" s (Rj)). 

On the other hand, (16.2.21 i gives 

W C G e L 2 (R^ t ; ^(R^)). 
By using equation ( 16.1.3b . it follows that 

d,(W,g) + v ■ d x (W,g) - W,Q(f 2 , g) + W,G e /T- 5 (R 7 ). 

Finally, by using Lemma 1631 with s' = s, we can conclude ( 16.3.2b and this completes the 
proof of the proposition. □ 

Therefore, under the hypothesis / e L°°([0, T]; H 3 t (R 6 )) for all t e N, it follows that for 
any t 6 N we have 

(6.3.3) A s Mmx)f) e L 2 (R,; H 3 e (R 6 )), A*>(0<AM/) 6 L 2 (R t ; H 3 e (R 6 )) . 

We now improve this partial regularity in the variable x. Since fractional derivatives 
will be involved, it is not surprising that a Leibniz type formula for fractional derivatives in 
the variable x is needed. We shall use the following one, taken from lTT2l . Let < A < 1. 
Then there exists a positive constant C,\ + such that 

(6.3.4) \D/Q{f, g) = G(|D//> g) + Q(f, \D x \ A g) 

+ C A f \h\~ 3 - x Q(f h , g„)dh, 
Jr 3 

with 

f h (t, x, v) = f{t, x, v) - f(t, x + h, v), fteRj. 
With this preparation, we need a preliminary step, given by 
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Proposition 6.7. Let < A < 1 and f e L°°([0, T]; ^(R 6 )) be a solution of (17771). Assume 
f/iaf, /or a/Z £ € N, we /rave 

A;!/! 6 H f 3 (R 7 ), A^/j e H 3 e (R>). 

Then, one has for any € 6 N, 

IIAJA^/i H/^fR,;//^^)) < CH/all^^oj-].^^)) 

x(iia;/ 1 || W 3 +2j(R , ) + ||a^/,ii w ^ (R7) ). 

Proo/ Set g = d a x v f x and cc e N 6 , |a| < 3. We choose W e \D x \ A i//l(x) \D X \ A W e g as a test 
function for equation ( 16.1.3I ). Then 

((v • d x ifr 2 (x))\D x \ A W e g, ^ 2 (x)\D x \ A W e g) LHRl) 
=ty 2 (x)\D x \' i W e Q(f 2 , g), ^ 2 (x)\D x \ A W ( g) L2(m 
+ (Mx) \D x \ A W e G, if, 2 (x) \D X \ A W ( g) L2m . 

One has 

|((v ■ drf 2 (x))\D x \* W { g, Mx)\D x \*W { g) L2m \ < CHA^/ilI^^T), 
and the same estimation for the linear term of G in ( 16. 1.4b 

\(Mx)\D x \ A W f (B + C), ilf 2 (x) \D X \ A W^) l2(r7) | < C\\A A x d a M Lli9?) . 

For the nonlinear terms of G in ( 16.1.41 ). we shall use the Leibniz formula ( 16.3.41 ). First of 
all, the coercivity estimate ( 12.1.11 ) gives, as in ( 16.2.11 ). 

-(G(/ 2 , Mx)\D x \ A w e g), Mx)\d x \ a w c g ) L2(m 

> C ||A;> 2 (x)|D/W f g|£ 2(R7) - CT\\f 2 \\ L „ K . L.( R;) )ll<A2W|Z),|' , W^||2„ ([ar];i2(R6)) . 
On the other hand, the upper bound estimate of Theorem l2.1l with m — - s gives, 
\{Q(\D x \ A f 2 , ifriWW* g), MxWAW g) LHRl) \ 

< Q\\D x \ A f 2 \\ L ^^ m)) u 2 (x)Kw e g\\ Ll(m \\i/, 2 (x)\D x \ A A s v w e g\y m 
z cil^lli-dftn; ggsz m) m(x)A s v w* g\\ L 2 JR r ) \\ifr 2 (x)\D x \ A Alw e g\ym 

< 6M 2 (x)\D x \ A KW e g\\ 2 LHm + C s \\f2\\l mn H^Kglll^y 

For the cross term coming from the decomposition ( 16.3.41 ), by using again Theorem 12.11 
with m = -s, we get 



\h\- 3 - A \(Q((f2)h, (W ( g) h ), ifi(x)\D x \ A W { g) dh\ 



X f I^r 3 ^ll(/2)A||L»( R ?„Z'( R 3))IK(W^) A || Z 2 (R7) ^ 

< 5||^(*)|D/A^||* 2(R7) + Q||/ 2 ||^ ([or]; H3 , (R6)) l|A^||^ i(R7) . 
Hence, we have 

\(\D x \ A Q{f 2 , >]s 2 (x)W c g)-Q(\D x \ A f 2 , ifr 2 (x)W { 8l ^i{x)\D x \ A W ( g)^ 

< 6M 2 (x)\D x \ A Kw e gf L2m + Cs\\f 2 \\l mn H m*JKg\ t m 
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In conclusion, we get 

Wi{x)\D x \ l KW { gtv m 

+ [(lArffw'GC/i, g)-Q(f 2 , W r g)), ti(x)\D x \ A W e g) L2m \ 

+ \(\D x \ A W e A, ri(x)\D x \*W { g) Lim \ 
= I + II + III . 

For the term II, again, formula fl6.3.4t yields, 

(\D x \ A (w c Q(f 2 , g)-Q(f 2 , W ( gj), ifr 2 2 (x)\DA A W e g) LHRl) 

= ((W e Q(\D x \ A f 2 , g)-Q(\Dff 2 , W e g)), *l(x)\D s \ A W l g) Ll{vJ) 

+{(W c Q(f 2 , \D,J A g)-Q(f 2 , W c \D x \ A g)), ^ 2 2 (x)\D x \ A W e g) LHRl) 

+C A £\h\- 3 - A ((W c Q((f 2 ) h , g h )-Q((f 2 )h, W e g h )), ^ 2 2 (x)\D x \ A W l g) L2(Rl dh. 
Since < s < 1 /2 , Lemma [X2l impIies 

\{(W e Q(\D x \ A f 2 , g) - Q(\D x \ A f 2 , W e g)), ^ 2 2 {x)\D x \ A W c g) mvJ \ 
< Q\ \D x \ x f 2 \\ L „^ L] w?J\g\\m^i, Lj ( Ri))W \DA A g\\ L ^) 

and 

\{(W e Q(f 2 , \D x \ A g) - Q(f 2 , W c \D x \ A g)), 4, 2 2 (x)\D x \ A W c g) L2{R7) \ 
For the cross term, 

| f W~ 3 - A ((W { Q((f2)h, gh)-(W%)h, W e g h )), ilf 2 {x)\D x \ A W ( g) Ll{m dh\ 



Thus, we have 



n < c\\f 2 \\ L 



We now consider the last term 777. Recall that A stands for the nonlinear terms from G 



A= 2 Co(a"'/2^7i). 
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We have 



\(\D x \ A (Q(^f 2 , ff*fd), W c ^ 2 ( X )\D x \ A W { g) LHm \ 
< CWAfy^D^W* g\\ L 2 m x 

x (||e(IA,,l^/ 2 , ff^ftiWep^Qto + 12(^/2, \D/ff -j 



L 2 (R^;«T'(RJ)) 



We divide the discussion into two cases. 
Case 1. |aril = 1 (then |a 2 | ^ 2). Applying (12.1.2b with m = -s. We have 

112(1^1^/2,^)11,^^ 
< C\\ A*d"> fiWu^- (/ «(rJ;/^ 2j (r3)),II K da2 fi IIl»(R,;l5 +2s (r 6 )) 

|| G (^ /2 , pMIL 



l/. 2 (Rf_,;// t -'(R;'j) 
< CIIAIlL-ao.r]; H; + + ^ + + e e +2s (R 6 ))ll A '/l llH f 3 +2j (R') 



and 



tr 3 -*Q(ff" (f 2 ) h , d a2 (fi) h )dh\\ 

< c|| ^'/2llL»(Rt- ; L; +2s (R-;))ll a;^v x /! || i?+2j(R7) 



Case 2. |ai| > 2. By the same argument as above, one has 

\\Q{\D t \ A ff"f 2 , 5 a2 /i)ll +||G(<5 ff, / 2 , IDxI^/i)!! 

II V V " JM • /1 /Hl2(R^;H-»(R3)) II^V JZ ' 1 11 • / '/|Il=(R^;//-'(R ; ')) 
< C| Lfe I | i( „ ([0j r] . jy^A« +2j (l I I I^I^qr,) + l|A^/lll Hf 3 +2i (R'))- 

When |ari| = 2, we have 

I f h- 3 -*Q(d ai (f 2 ) h , d a2 (fi),,)dh\\ 

II J R 3 ^ u u *' IIl2(r^ ; h-(r;)) 

< C |/z| 3 1 1 1 5' 1 ' , (/2)aIIl»(R,;(L2(R?;LJ +2! (R5)))II K^ 2 (A)h\\LHR,-,(L^(Rl--,L^ 2s (Rl))) dh 

< C\\ V x <9 ai /2|| L » (Ri . (i 2 (R 3 ;i l +2!(R 3 ))) || AJ3 0r2 /lllz.2(R,;(t»(R?;L? +2s (R?))) 

< C||/ 2 || L »o ([0i7 - ];H 3 +3/2+£+2i(R6)) || AJ/lllflS^V), 
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while when |ffi| = \a\ = 3, we have 



' J 3 *ll d a (f 2 )h\\ L l(Rl- L l 2s( Rl )) \\ A^t/l )/.!!/» (R,^; I? u2j (Ri)) dh 



<c ' 

< C\\ d a f 2 \\ L 2 9 A i . L i +2j( r3)) II K^xf\ WwfB*^ L? +2l (Rj)) 
- C| 1 £"([0,T]; H f 3 t3/2+f+2l (R6)) ■ 

Thus, by the Cauchy-Schwarz inequality, we obtain 

in < 8\\KM*)\DA A w c g \\\ 2mJ) + Q||/2ll^ ([ar];H 3 t3(R6)) (llA;:/ill^ 2i(R7) + IIAi/ill^J. 

Finally, we get 

IIA^MIDJ-'W^II^ < Q||/ 2 ||^ ([0 , r]; ^ 3(R6)) (l|AJ/ill^ !(R7) + HA^||^ 2j(R7) ), 
and the proof of the proposition is completed. □ 

We are now ready to show that the gain of at least order 1 regularity in the variable x. 
Proposition 6.8. Under the hypothesis ofTheorem \6.1\ one has 
(6.3.5) Al +£ (^(f)<AW/)e// f 3 (R 7 ), 
for any ( e N and some e > 0. 

Proof. By fixing s$ = jjj-jj, then (16.3.3b and Proposition ^. 71 with A = sq imply 
It follows that, 

(A?*), + v • d x (K°8) = A?e(/ 2 , *) + A*°G e V(R 7 ). 
By applying Lemma l6"31 with s' = s, we can deduce that 

A s x ° +s °(<p(W(x)f) e H 3 ( (R 7 ), 



for any I e N. If 2so < 1, by using again Proposition 16.71 with A = 2sq and Lemma 
with s' = s, we have 

AX<pW(x)f), ApMWxif) e #?(R 7 ) => A^(*)^(*)/) e // f 3 (R 7 ). 
Choose ko € N such that 

k so < 1, (ko + l)*o = 1 + e > 1. 

Finally, ( 16.3.5b follows from Proposition 16.71 with A = koso by induction. And this com- 
pletes the proof of the proposition. □ 

6.4. Higher order regularity. The proof of Theorem l6 . 3 1 will now be concluded with the 
above preparation. 

From Proposition ^. 41 Proposition ^. 8l and equation ( II. Il l, it follows that for any £ e N, 

This fact will be used to show higher order regularity in the variable v by using the 
following 
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Proposition 6.9. Let < A < 1. Assise that, for any cutoff functions <p e CjfQTi, T2[), i/> 6 
C^(O) one/ a// £ e N, 

A; 1 (<pW(x)f), V, (<p(Wx)f) e tf 3 (R 7 ). 
77?en, /or any cutoff function and any £ € N, 

Af- ! (^(f)«AW/)6// f 3 (R 7 ). 

For the proof, we choose W f Aj ■* W f g as a test function for ( 16.1.31 ), and then proceed as 
in the proof of Proposition ^. 71 The only difference is in the estimation on the commutator 
with the convection: 

|([A?, v] • d x W c g, A;'^4 2(r7 J < C||A^|| i?(R7) ||V A ^|| L 2 (R7) , 

since 

[A£, v] ■ d x = AA^~ 2 d v ■ d x , 
and A;J~ 2 6\, are bounded operators in Lr. This is the reason why we need in the first step 
the gain of the regularity of order 1 in the variable x. 

To complete the proof of the full regularization result, firstly, exactly as Proposition 
16.3.51 we can get 

A,! +£ (^(f)tA(^)/) e // 3 (R 7 ), 

for any I € N and some s > 0. 

Therefore, we obtain that there exists e > such that for any 6 e N, and any cutoff 
functions tp(t) and i[s(x), 

<pW(x)f e /// +e (R 7 ). 

Notice that the estimate in Proposition 16.71 can be modified as follows. In fact, we can 
obtain 

l|AvA^/l|| L 2 (Rr . H 4 (R6)) < C||/2|| H 4+| (R7) 

X (iK/lll^RT) + ||A^/l|| H 4 +2j(R7) ) . 

By using this, the proof of 

/e^ +e (]ri,r 2 [xQxR 3 ,), VfeN => / £ 'HfQTi, TMxQ x R 3 ), V£ e N, 
is direct and this completes the proof of Theorem l6.3l bv the bootstrapping argument. 



7. Global existence 



We shall establish a global energy estimate for the Cauchy problem ( 11.3b . For ease of 
exposition, and unless necessary, generic constants will be dropped out from the estimates 
in this section. Finally, all in all, we shall follow and adapt the method initiated by Guo 
ll46l on the estimation on the macroscopic components. Here we point out that his method 
works also for the non-cutoff case but only when the estimations of the nonlinear and 
related terms are carried out in terms of the non-isotorpic norms (2.2.1). We also note that 
his method has been generalized to various directions. Among them, a few are the external 
force case Il35ll37l . the Vlassov-Maxwell-Boltzmann equation 11651 . the soft potential case 
ll66l 1741 and the Landau equation B31 1741 . Independently of his method which is based 
on the macro-micro decomposition near a global Maxwellian, the energy method based on 
the macro-micro decomposition around a local Maxwellian has also been developed with 
application to the classical fluid dynamical equations H52ll53ll54l . Further references are 
found in these paper. 
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Introduce the macro-micro decomposition near the absolute Maxwellian p: 

g = Pg + (I - P)g = g x + g 2 , Pg = gi = (a + b ■ v + c\v\ 2 )p l/2 , 

In this section, the following result on the energy estimate will be proved. 

Theorem 7.1. For N, I > 3, let T > and suppose that g is a classical solution to the 
Cauchy problem ( 11.31 ) on [0, 7*]. There exist constants Mq, Mi > such that if 

max <5(f) < M , 

0<t<T 

then g enjoys the estimate 

8(t)+ [ D(r)dT < Mi£(0), 
Jo 

for any t e [0, 7*], where 

6 - \\8\\ 2 H?m ~ \\(a,b,c)\\ 2 HS(Ml) + \\g2\\ 2 H?(M6 y 
is the instant energy functional, and 

D = ||V Jt (a,6,c)||^ f _ I(B , ) + llfellls^ 

the total dissipation rate. 

The proof of this theorem is divided into two parts, that is, the estimation on the macro- 
scopic component and the microscopic component respectively. 

7.1. Macroscopic Energy Estimate. By the macro-micro decomposition, the equation in 
d 1 .3b is reduced to 



8,{a+b ■ v + c\v\ 2 y /2 + v ■ V x {a + b-v+ |v| 2 c}^ 1/2 

= -(d, + v ■ V x )g 2 + Lgi + T(g, g). 

v ■ y x b ■ v = 2^ ViVjdibj = 2^ v 2 dibi + ^ ViVj(dibj + djbj), 

ij i i>j 



Using 



we deduce 



(7.1.1) 



where 

r = (g2,e) L i, l = -(v-V x g 2 + £g2,e) I 2, h = (T(g, g), e) i2| 
stand for r c , ■ ■ ■ , h a , while 

e e spMvMV 2 ^ 112 ^^ 2 ^ 2 ,^ 2 }. 

Lemma 7.2. Let d a = d a x , a € N 3 , \a\ < m, m > 3. Then, 

\\d a (a, b, efH^ofjS) < ||V A (a, b, ^H^-i^lKa, b, c)\\ Hm - l9?x) . 



{ (i) 


vMV /2 




= -d,r c + l c + h c , 


(ii) 




d t c + djbi 


= -d,r-, + li + hi, 


(iii) 


ViVjP U2 


dibj + djbi 


= -d,rij + lij + hi h 


(iv) 


v,vu 1/2 


d r bj + d,a 


= -d,r hi + l hi + h hi 


, (v) 


p 1 ' 2 


d t a 


= -d,r a + l a + h a , 
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Proof. Let k = \a\. Then, one has for k — that 

IKa.fc.c) 2 !!^!) < ||(a,6,c)|| i 6 (R 3 ) ||(a, &, c)!^^ < ||V x (a,fe,c)|| L 2 (R 3 ) ||(a,Z7,c)|| H 2 (1R 3 ) , 



l|a*lli=(Rj) ^ ll«ll/.»(Rj)ll fo H/.'(Rj) ^ II^H^cr'jII^II^dII^II^rI) ^ ll v ^llr-(Rj)ll^ll//'(Rj)- 
Also for £ = 1, we have 

\\d(a, b, c)\ Hvi) < \\(a,b,c)d(a,b,c)\\ I?9 3 ) < \\(a,b,c)\\ L „ ( ^\\V x (a,b,c)\\tfg t y ) 
< 1 1 (a, fo, c)|| H -i (R 3,||V v (a, fc, c)|| L 2 (R 3), 

and for 2 < k < m, 

\\d a (a,b,c) 2 \\ Ll(Rl) < J] \\b^(a,b,c)df*(a,b,c)\\ mRl) 

^k-V / , Ml 11/ , Ml IIT-, , 7 Ml 

1 (E-J ) • 



And this completes the proof of the lemma. 



Lemma 7.3. (Estimate of r, I, h). 

Let d a = d a x , di = d Xi , \a\ < N - l,N > 3. Then, one has 

(7.1.2) ll^ tt r|| L2(R|) + \\d a l\\ a < \\g2\\ HH ^ mn)) s A U 

(7.1.3) | I^AIbflg) < ||V x (a, ft, 0)1^-2^)11(0, ft, c)|| h n-i (R 3) 

+ ll(a.*.c)|| ff *-i tJ t3 ) |hj2lIa-iif-i(ji|,i?(Kj)) + WS2\\ 2 HN - l( g3 L 2 (K 3 :)) = M- 

Proof. ( 17.1.21 ) follows from 

\\d i d a r\\ Ll{ ^ ) < \\(d i d a g 2 ,e) L 2 {v , ) \\ Ll{ ^ ) < \\did a g 2 \\ LH ^ v) , 

and 

\\d a l\\ L 2 < \\(V x d a g 2 ,ve) L 2 (R i ) + (d ff g2,£*e)z2QRj)lb(R2) ^ lldMn'ORU 2 ^))- 
We prove ( 17.1.31 ) as follows. 

h = JJJ b(cos &)fil /Z (g'*g' ~ g*g)ed\>dv*dcr 
= JJJ b(cos9)gg t {{n ll2 )W - fil /2 e)dvdv,dcr 
= fff b(com(^ l2 8)U* X!2 g)*(q{V)-q{v))dvdv»do- 

2 2 

where q = q(v) is some polynomial of v. Firstly, we have 

rij,ri k e\a,b,c) 

where ^(v) 6 Af. Clearly, |0(t^j, 1^)1 < oo, so that by virtue of Lemma l772l 

W® im \y®.l) < \\d a (a,b,c) 2 \\ L 2 (Rl) < \\VAa,b,c)\\&^\\(a,b,c)\\&-i * y 
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On the other hand, 

PC?>/)llz/(R2) ^ H^ 1/2 ^[lL2(l l 3 ;i l (R 3 )) ||// 1/2 /lllL2(Rl ; Li(ll3)) ^ llslli?oB£ v )ll/IL- 2 a£,) 
which yields for \a\ < N - 1, 

\\d a ® a2) \y<M.l) ^ ll 5<f ( fl >' c )lb(R?)ll^2lb(Rt) ^ \\(a, b, c)|| w „-. (R 3 ) |^2ll//.v-.(R3 j z. 2 ( R 3 )) , 

Iia^l^o© < ll^ftll^j < \\gi\\ 2 

Now the proof of ( 17.1.3b is completed. 



Lemma 7.4. (Macro-energy estimate) Le? |or| < N - 1 



(7.1.4) \\V x d a (a,b,c)\\ 2 L2(Rl) < -j{(^ry x d a (a,-b,c)) L 2 (Rl) + (d%,V x d a a) L2(Rl) } 



+ ll^2ll^ (R|L 2 (R 3 )) + £>i£i 

Di = \\V x ( a ,b,c)\\ 2 HN _ i(WL}) + llftll^,^^)) 
is a dissipation rate and 

£i = ||(a,6,c)||^ r j r _, a ^ ) + 11^211^-1^3^2(5,3)) = II^Uh'v-'crI.^or?)) 
is an instant energy functional. 

Proof, (a) Estimate of V x d a a. Let A t , A 2 be as in Lemma [731 From ( 17.1. It (iv), 
HV^all^ = (V x d a ay x d«a) LHm) 

= (d«(-d,b -d,r + l + h), V x d«a) L 2 {Rl) 
<R,+C n (A\+Al) + n\\V x d a a\\ 2 mi) . 

Ri = -{d a d,b + d a d,r, v,^a) L2(R 3) 
d_ 

dt 

< -J^W + r),V x d a a) L2(m) + C n (\\V x d a b\\ 2 L2 ^ + A\) + i/P^all^, 
(b) Estimate of V. v 3 ff ^. From (ITXTT i (iii) and (ii), 

A x d a bi + d 2 d a bj = J] djd a {djb; + 3,^) + 3^(23^ - J] 

= djd a (-d,r + l + h), 
H V ^ll^(Rl) + H^Htf »3) = ~(A x d a b i + d\&*b u Sfb)^ =R 2 + R 3 + fi*, 

where 



= --(3"(/7 + r), V x cFa) L2(R 3) + (V^fc + r), d^o)^ 



R 2 = {d t d a r,d i 8 a b) L2(& = j^rA^b)^ + (d^rA^b)^ 

< j t {d a r,d i d a b)^ l) + C n A\ + rmtSPbfj^, 
R 3 = -{SPhd^b)^ < C,A\ + rftdiff'bf^, 

r 4 = -{dfKdm^ < c v a\ + nWdidPbt^. 
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(c) Estimate of V x d a c. From ( 17X11 1 (i), 

IIV^cll^ = (Vc, V x d a c) 0(vi) = (d a (-d t r + I + ft), V^c)^ 
<R 5 +C v (Al+Al) + n \\V x d a c\\ 2 L2(M , ) 



where 



/? 5 = -{d a d t r,V x d a c) L2(wi) = — (5V, V^ a c) L2(R 3) + (V x d a r,d t 9*c) L29?x) 
d 



< -f t (d a r,V x d a c) mRl) + C n A\ + rj\\d t d a c\\ 2 Lmly 
(d) Estimate of d r d"(a, b, c). 
(7.1.5) \\d,d a (a, b, c)\\ L2(Rl) = \\d a d t Fg\\ L2(R%v) 

= P"P(v ■ V^)|| L2(R a B) < HV^Ca.fo.c)!!^ + ||V,(?^ 2 || i2(R , v) . 
Combining all the above estimates and taking r\ > sufficiently small, we deduce 

\\V x d?(a,b,c)\\ 2 ml) < -j t {(d a r,V x d a (a,-b,c)) mvi) + (d a b,V x d a a) L2(Rl) ) 

+ A\+A\ + i 1 \\V x d a g 1 \\ 1 L2(KrY 

Finally, choosing \a\ < N - 1, and using Lemma ( 17.3b . we obtain 

A\ + A\ + ^l|V,^ 2 ||2 2(KL) < £>!£, + r,\\g 2 \\ 2 Hni?(Ml)y 

which completes the proof of Lemma 17.1.41 □ 

7.2. Microscopic Energy Estimate. In this subsection, We shall use Lemma 12.61 and 

Proposition l3.5l to estimate the microscopic component. 

Step 1. Let a e N 3 , \a\ < N, and apply d a = d" to (O to have, 

d,{d a g) + v ■ V x (d a g) + Ud a g) = d a Y(g, g), 

and take the L 2 (R X „) inner product with d a g. By Lemma l2T6l we have 

where D\ is a dissipation rate 



#1= | lll^2ll| 2 ^ = |||3^ 2 |||2 0(R6) , 



and J is given by 

2 



2 

(0') 



ij=l 
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First, consider We have, with iffj e N, 

(7.2.2) |/ n >| < ||5°IXgi, gi)lb(Wld ff g2lb ( RS) 

11^,^)11^,53) = f{ff b(cose)^J 2 {^jY^' k -^Mk}dv t da) 

= ft x (J J Hcos0)C*{(Pjy*Pk- (pj)*Pk\dv t d(rf dv <oo, 
where pj € {1, v, |v| 2 }. Consequently, by virtue of Lemma l7T2l 

\J (n) \<\\d l \a,b,c)\2 (Ri) \\d a g 2 \\ m m 

< \\V x (Cl, b, C)|| ff iV-2 (R 3)||(a, b, C)|| ff «-l (R 3 ) ||^2ll//»(R3,L2 (R 3 )) 

< IKfl.fe.^llHif-i^^llV^fl.fe.c)!!^,.^ + |||g2lllg« (R6) )- 
On the other hand, using Proposition 13 . 5 1 gives 

\J (n) \ < II^iIIhj'(r6)III52||Ibj'(r6)III^2|||»j'(R6) 

< 11(0,^,0)11^3) 111^2111^6), 

\J (2X) \ ^ ll^2ll//«(R6)|||gl||| s « (R 6 ) |||^2lllsS'(R^ 

^ ll^2lb«(R6)|[(a,^, c)|| H « (R 3) |||g2llls«( R 6), 

\J {22) \ < ll^2llH«( R 6)lllg2llls«(R6)lll^2lllsJ'(R6) 
^ II^2|Ih«(r6) IIL?2lllg|V (R 6 r 

Taking the summation of ( 17.2. \\ for |q;[ < N, N > 3, we have 
Lemma 7.5. Lef N >3. Then, 

(7.2.3) |l*o**<S» + "^111^ * 
£>2 = IIV,(a,fo,o)||^ 1(R 3) + 111^111^, 



Step 2. Let d a = &* x , 1 < |a| < N, N > 3, and apply W^3 ff to d- We have 
(7.2.4) d,(W c d a g) + v ■ V A .(W f 3'^) + £(W l d a g) = S 1 + S 2 , 

where 

S 1 = W*aT(g,ri, S 2 = [£, W f ](d a g). 
Take the L 2 (R 6 X V ) inner product with W f d"g to deduce 
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where D2 is a dissipation rate 

D 2 = f 111(1 -V)W e ff'g\\\ 2 dx 

Jr 3 

> ^\\\d a 8\\\ 2 m6) - (\WAa,b,c)\\ HN - HRi) + INI 2 ,^^). 
Here we have used for 1 < lor] < N, 



f ww e d a g \fdx < \\d a g \\ 2 

Jr 3 k * 



) 

H N ~'(Kl) ~ r iis2i 'h a '(R?,L 2 (Rv))' 



<WMb,c)\\ 2 HN _ lfR3 , + llg 2 || 2 



On the other hand, G is defined by 

G - G\ + G 2 , Gi = (S h W c d a g) L 2 m , i = 1,2. 
The estimation on Gi and G2 will be given in the following lemmas. 
Lemma 7.6. Let N > 3, t > 3. 77ien, /or £ anc/ £) defined in Theorem \7.1\ we have 

G, <£ I/2 £>, 

Proof. First, write 

Gi = J] (w^Tfe, gfrwrgtew = 2 G f ■ 
y=i,2 /,/=i,2 

Proceeding as in j7.2.2b , 

(7.2.5) |G (11) | < \\W 2C d a Y( gl , gOW^WgW^ 

< \\(\\w 2f v*r(g u gm^ii^ny^, 

~ \\&*{(a, b, c) 2 }\\ L2(Rl) \\W 2e Y^j, MWp^Wghw), 
11^(^,^)11^ = J (W 2C j j b(cose)Ml' 2 {^jyy k -^M k }dv,dafdv 

= J" VW 4C ( J" J" b(cose)fi*{(Pj):p' k -(Pj)*p k }dv,do-fdv 

Since 1 < |or| < N, 

X (||V x (a,A,c)|| H J f -i (R 3 ) + llg2llH"(R 3 ,Z. 2 (R?))) • 

On the other hand, we have 

HISillla«(RS) = X f, lll^v^ife -)lll 2 ^ < IKa.fc.c)!!^. 
This fact and Proposition |3.5| yield 

|G ( j 12) | <||§l|| Hf "(R'.) lll^2lll S «(R6) IIIW^^HIsO^) 

< \\(a,b,c)\\ H ^ \\\g2\\\<^ 9 6 ) \\\d a g\\\^ CR 6 ) , 

£ IL?2llffW(R6)ll(0, 011^3) w^gwy^, 

\Gf 2> \ ^\\g2\\ H fm. 6 ) \\\S2\\\b»<F) III^^IHso^) 

^ ll^2llH f A '(R'i)lll^2llls«(R'i)ll|5 'g||| s o (R 6 ) . 
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Noticing that for 1 < \a\ < N, 

III^IH^ < f \W c d a gl (x, ■ )\fdx + f \\\W r d a g2 (x, ■ )\fdx 

< ||V,(a, 6, c)!!^,^) + 111^2111^^6), 
we now conclude the proof of the lemma. □ 

We shall evaluate G 2 . In view of Proposition [XU 

\G 2 \<\([£ u W c ]d a g,W c d a g) LHm \ 

+ \{w e £ 2 (#*g), W^g) LH J + \{£ 2 (W c d a g), W e cfg) L2( J 

< \\d°g\\ L i im \\\d a g\\\ m6) 

< (W x (a,b,c)\\ H »- ml) + ||^ 2 || L?(R6) )|||3^||| s o (R6) 

< HV,(a, b, c)\\ 2 H ^ l(Rl) + C, ; ||3^ 2 ||2 2(R6) + r,\Wg\\\ 2 m6y (rj > 0). 

Thus, we have established 
Lemma 7.7. Let 1 < |ar| < N, N > 3. Then, 

(7.2.6) |ll^ll^ (R6 , + lll^lll^ (R6) 

<£ 1/2 D + \\d a g 2 \\ 2 LHm + \\V x (a,b,c)f HN _ 1Qlly 

Step 3 . We need also to estimate W c g 2 . Apply W r (I - P) to the equation in ( 11.3b to have 

d,(W c g 2 ) + v ■ V x (W e g 2 ) + £(W ( g 2 ) 

= W c T(g, g) + W e [v ■ V x , P]g + [£, W c ]g 2 . 

And then take the inner product with W c g 2 to get 

d 



f t \\W e g 2 \\ 2 L2(R6) + D 3 <H, 



where 



d 3 = r \\\(i-p)w e 82 \\\ 2 dx 

1 2 

^ ^fcllLgo^) ~ C H<?2llz. 2 (R 3 ), 



while 



H —Hi + H 2 + H3, 

Hi = (W ( T(g,g), W e g 2 ) LHm , 
H 2 = (W e [v ■ V,, P]g, W^ 2 ) L 2 (R6) , 

H 3 = ([X, W f ]§ 2 , ^ 2 ) L 2 (R 6). 

Hi = J](^ r te, S,'), W f g 2 ) L2(Rfl) = J ff P' 
ij'=2 y=2 
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Proceeding as in ( 17.2.5b . 

I#ai)| < w 2e r( 8l , gl)\yCB?)\\82\\l?(R6) 

< \\{\\w 2( n gu gi)\\ L 2 m) )\\ L * ml) \\g2\\ L m<>) 

~ ||(a, b, cfWv^w^rtyj, i[r k )\\ L 2 m) \\g 2 \ym, 

11^(^,^)11^^ = J (W 2r J J b(co S 6)d /2 {^jX>y k -^Mk}dv t dcrfdv 
= J" P-W Ae { J" J" b(co S 6)nA(PjY»p' k -(Pj)*Pk}dv t dcTfdv<™. 

Then we have, by using Lemma l7T2l 

\H {U) \ < ||V^(a ( fo,c)|| L20R 3 ) ||(a,fo,c)|| ffl(R 3 ) ||g 2 || i 2 (R6) . 
On the other hand, we have 

IH*ill£g(R«) = f R3 \Wgi(x, ■ )\fdx < \\(a,b,c)\\ 2 L2(fL , y 
This fact and Proposition ^ . 51 yield 

\Hf 2) \ <||gl|| // A' (R 6 ) |||g2lll S «(R6 ) IIIW^^IIIsgcRS) 
< ||(a,&,C)|| HW(R 3) 111^2111^6). 

\H? "l ^I|£2Hh«(R 6 ) lllgllllsf(R 6 ) IH^2lllsO(R6) 

^ ll^llfl^lKa, b, c)^^) |||g2lllsO(R6), 

\H (22) \ <\\g2\\ H »m fellls^RS) lll^2lll S °(R6) 

^ II^IIh^r 6 )!!!^!!!^^)- 

And H 2 is evaluated as follows 

\h 2 \ < \(w 2{ [v- v„ P]g,g2)i?cB.«)l ^ IIVrflb(R«)ll*2lli?ai«) 

<||V^(a,fc,C)||^ (R3) +llg2ll^ (R 3. L2(]R 3)). 

Finally, in view of Proposition ^. 81 , 

|ff3l<|([Xl,W<]g2,Wft)£»0l«)| 

+ |(W f X2fe), Wft)^! + |(X 2 (^2), ^ 2 ) L2(R6) | 

^ II52|Il2(R6)II[^2|IIbO(R6) ■ 

Since it holds by interpolation inequality that 

(7.2.7) ll^2ll L 2(R6) < TlWglWLljRO) + C n \\g 2 \y<^) ^ n\\\g2\\y [( st.6) + C,[|^ 2 lb(R6), 

for any small enough 77 > 0, we have established 
Lemma 7.8. 

d -\ 

<6 l/2 D + \\g 2 \\ 2 L2m + \\V x (a,b,c) 



(7.2.8) _||^ 2 ||2 +11^11,2 
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Step 4 . Let 

dP = 5? >v = d°d\ d° = d a K , d y = d y v , \/3\ = \a\ + \y\ < N,y * 0, N > 3, 

and apply W { dP{l - P) to ( PTZ4l > to have 

d,(W f d^ 2 ) + v ■ V,(W'd^ 2 ) + dPg z ) 
=W c dl 3 Y{g, g) + [vV x ,W t dP]g 1 
- W c dP[Y, v ■ V]g 

+ [£, w { ^] 82 + w l dP{d, + v ■ v x )gi. 

And then take the L 2 (R 6 X V ) inner product with W e d /i g 2 to get 
Here D4 is a dissipation rate given by 

d 4 = r ma -Dw^m 2 ^ 

Jr 3 

> illl^lll^., -ciia^n^. 

where we used, with if/ e N and i/f = (-l)Md r (Wfy)> 

|||PW^ 2 ||| 2 = III^W^^^III 2 = IKM^II^IIMII 2 < H^ 2 || 2 2(K 
On the other hand, K is given by 

K^W'dPTig, g),W t dPg z ) I?m 

+ ([v • v,, w c d"]g2, w t dP g2 ) L i m - (w^[P, v • V] g , w c dPg 2 ) LH ^) 
+ ([£, w t df 3 ]g 1 ,w t dPg 2 ) L 2 m 
+ {w c dP{d t + v ■ v<)guW e d /3 g2 )mm 
=Ki +^ 2 + ^3 + k 4 + k 5 . 

Lemma 7.9. Let N > 3. Then \Ki \ < 8 1/2 D. 
Proof. First, write 

Ki = Ypfa/Tigu gj),W e cfg 2 ) LHm = £ K f- 

i,j=2 i,j=2 

In view of Lemma lT2l 

\k?»\ = \(wWr(gu gl ), w ( dP g2 ) L 2 m \ 

< B 2 \\d"(a, b, cfW^JW* dPg 2 \\ I?9 * ) 

< \\V x (a, b, e)||fly-i||(fl, b, c)\\ H »-, \\W e 8Pg 2 \\ I?9 ? ) , 



THE BOLTZMANN EQUATION WITHOUT ANGULAR CUTOFF 

where 

= j(W e j j b(cos6)(dVij) l J 2 

x {(dl 2 ifrj)'M^ k y - (dV-ifsjUdl^k^dcrfdv 

= J fiW 2e ( J ^ b(cos6)Li t q t [(qj)' t q' k - (qj),q k }dv t d(r} dv < oo. 

Here, q, qj, qt are polynomials of v. 
On the other hand, we have 

W\Sit^ m = Yu f ^^Siix, -)\fdx < \\(a,b,c)f Hmly 
This point and Proposition l3.5l vield 

\K^ 2) \ <||gl||tf« (R 6) |||^2lll S »(R6 ) |||W r ^ 2 |ll S 0(R6) 
< Ufa, 6, C)|| H iV (R 3) |||g2lllg« (R6) , 

1^1 I =ll^2llff«(R6) lll^lllls»(R6) ll|W f ^2llls»(R6) 

^ 11^211^^)11(0,^,0)11^^3) Hl^llls^R 6 )' 

l^ 22) | =Hg2ll ff *(R6) lll^2lll S »(R6) ll|W^^ 2 |llsO(R6) 

^ llg2lltf;V(R6)||[g2lllg/y (R 6)- 

Now the proof of the lemma is completed. 

K 2 , K4, Ks are estimated as follows. We have, for \/3\ — \a\ + \y\ < N,y + 0, 

\k 2 \ =|([v ■ v,, w { dP] gl , w [ dP g2 ) L 2 m \ 
<\\w c dT x dVg2\\LH^ ) W c dPg 2 \y^ ) 
< c n \\w c dT l dVg2\\ 2 om + ri\\w { cfg 2 \\ 2 L2m . 

Note that 

\K 3 \ mW [ AP, v ■ V]g, W e dPg 2 ) L , m , W c d fS g 2 ) L 2 m \ 

<\{dy{w 2t dP[v, v-v]g},d a g2 ) L 2 m \ 

< (||v. t 3 ff ( fl ,fo, c )|| i2(R 3) + liv^i^^))!!^!!^^) 

< ||V,(a,ft,e)||^. IaiJ) + \\g2\\ 2 HNgilLW 
In view of Proposition [33] 

\k 4 \ =|([X, w c dP]g 2 ,w c dP g2 ) L 2 m \ 

<|([Xl, W f ^2,W f ^ 2 )L2 (R6 )| 

+ \(W { <f xy £ 2 {g 2 ), W^2) L2(R6) | + |(£2(W f <^ 2 ), W [ cfg 2 ) L2(R6) 

< {\\g2\\ H n m + llfelll^l-' (R 6)) ll|W f ^2lll S g ( R6) 



56 



R. ALEXANDRE, Y. MORIMOTO, S. UKAI, C.-J. XU, AND T. YANG 



Hence 

l*4l < C,(\\ g2 \\ 2 H>6) + Hfelll| r(R6) ) + r,\W e ^ g2 \f m<>) 
Finally, recalling (17.1.5b . 

\K 5 \ =\(W e dP(d, + v ■ V,)si, W f ^ 2 ) L z (R6) | 

< |(cF{w 2f ^(d, + v ■ V x )gi}, d a 82 ) mm \ 

< \\{df{d, + v x )(a, b, c)\y gi? j#*g2\\ I 2m> (W < # - 1, |y| > 

< \\V x (a,b,c)\\ 2 H ^ + 11^11^3^3)). 
Now using (|7.2.7t we conclude the 

Lemma 7.10. Let = |c* + y| < N,\a\ < N - 1, \y\ > l,N > 3. Then, 
(7.2.9) |llA2ll^ (R6) + lllA2lll^ (R6) 

<£ 1/2 S + II^II^ I(R6) 

+ Hl£2lllgM +M -i (R6) + l|V,(a,Z>,c)||^ w _ I(R 3) + Ifell^^^)). 
7.3. A Priori Estimate. We take the linear combination 

|a|<AM M<iV l<M<iV 



|o-+yl<A',M<A'-l,lyl>l 

(1) ^(2) ~(3) r(4 ) -(5) 



With a suitable choice of the coefficients C™, C~\ C£\ C (4) , C£ r , we get 

(7.3.1) —s + d^h, 

dt 

where 



£ = - ^ c^^r, v r d>, -b, c)) Lml) + v^ ff fl ) L2(R 3)] 

|cr|<AM 

+ j]c?\\d:g\\ 2 L2m+ 2 cl 3) i^ii^ (r6) 

|<r|</V l<\a\<N 

+ C^\\ g2 \\ 2 Lj(R6)+ 2 C«||W^,„g 2 ||2 2(R6) , 

l8|=|a+y|<A',|ff|<A'-l,|7|>l 

£=2 C«||V^>,fo,c)||2 20R 3)+2 C « 2) lll^lll^) 



MS/V-1 |,r|<;V 



2 C&W&W^ 



(4)|, 



,2|II S (R 6) 

1<|q-|<AT 
\P\=\a+y\<N,\a\<N-UM>i 

H =£>i£i + D2S2 + 
Clearly, it holds that 

£ ~ £, £>-£), 
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and 

<H < D8. 

Now ( 17.3. U gives 

6(f) + [l - C sup 6(t)1 f £>(t)<*Y < C6(0), 

0<T<f Jo 

which leads to the closure of a priori estimate and then completes the proof of Theorem 

EH 

Now, the proof of Theorem 1 1.1 1 can be completed by the usual continuation argument 
based on Theorem l4.3l and Theorem l7.ll 
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